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to partial mismatches or cannot be efficiently computed for broad classes of process
models or large input sets, limiting their practical applicability. To address these chal-
lenges, we propose an abstract-and-compare approach, where stochastic languages
are first abstracted and then compared using existing stochastic conformance check-
ing techniques. Specifically, we introduce the stochastic Markovian abstraction, based
on expected subtrace frequencies, and demonstrate how to compute it for bounded,
livelock-free stochastic labeled Petri nets- a widely used stochastic process model
formalism. The Markovian abstraction defines a stochastic language and can be
combined with state-of-the-art stochastic conformance measures to obtain "new”
derived measures. We evaluate two such derived measures on synthetic and real-world
datasets, showing that the abstraction can effectively approximate model behavior,

is computationally efficient, and improves robustness to partial mismatches. Addition-
ally, we demonstrate how to obtain stochastic conformance diagnostics for the derived
measures.
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Introduction

Conformance checking is the field of process mining concerned with quantifying and
diagnosing deviations between the as-is behavior of a process, usually captured as an
event log, and its ideal should-be behavior, expressed as a process model. Traditional
conformance checking techniques only consider the control-flow perspective of pro-
cess models, leading to one-sided analysis where the frequency information in event
logs cannot be properly compared. Consider the example from Fig. 1, which presents
two event logs and an idealized process model relating to a purchase process. The model
mandates that one or more approvals must happen at the beginning, after which point
the payment is booked and the goods are collected.
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Fig. 1 Two event logs related to a purchase process and a reference process model

In Fig. 1, both logs contain the same variants and the same alignment-based fitness
and precision. Therefore, traditional conformance checking techniques treat both logs as
equally conforming. However, from a practical standpoint, the behaviors they represent
are not equally desirable. Repeated approvals introduce delays and require extra effort
and should be minimized. Furthermore, depending on business rules, it might be pre-
ferred to issue a payment only after the goods were received.

In recent years, the field of stochastic process mining has gained relevance. In com-
parison with traditional conformance checking, stochastic conformance checking con-
siders the model’s stochastic behavior. Therefore, one can compare not only whether a
process follows its prescribed control flow, but also whether its stochastic behavior is
as expected. Current state-of-the-art stochastic conformance checking approaches face
several challenges, often exhibiting one or more of the following limitations:

1. They are not robust to partial mismatches in the log and model’s languages (Li et al.
2024; Leemans and Polyvyanyy 2023; Alkhammash et al. 2022; Leemans et al. 2024b)

2. They can only be computed for a limited class of process models (Leemans and Poly-
vyanyy 2023; Bergami et al. 2021)

3. They cannot be computed analytically and/or rely on model sampling (Leemans et al.
2021; Bergami et al. 2021)

This happens because these are three competing requirements. To appropriately con-
sider partial mismatches, one must consider the model’s full language, which is not
feasible for complex models, such as non-deterministic models and models containing
parallelism or loops; therefore, one is forced to either restrict the class of process models
that can be analyzed, or sample behavior from the model.

However, sacrificing any of these three aspects is not practical. In real-world sce-
narios, traces that are not fully conforming oftentimes still present a high degree of
overlap with the model behavior, e.g. we should impose a less severe penalty for vari-
ant (Approve Purchase, Book Payment), which only has one missing event, than for
(Special Approval, Delivery Late, Cancel Order), which only contains unmapped events.
Furthermore, the class of process models that are “tractable’, e.g. acyclic or deterministic
models, is not expressive enough to model complex process behavior. At the same time,
sampling techniques do not scale for large models, i.e. it is not always possible to sample
a representative number of traces from the model.

In this paper, we propose using a suitable abstraction of log and model behavior that
helps mitigate the aforementioned issues. The abstraction defines a stochastic language
and can be combined with any existing stochastic conformance checking technique to
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i 1 Compare

Fig. 2 Overview of the proposed abstract-and-compare framework applied to the example event log Lo and
stochastic labeled Petri net SNy

obtain “new” derived conformance measures. Figure 2 illustrates the approach. Instead
of directly comparing two objects, we compare their language abstractions.

The proposed abstraction essentially encodes the expected subtrace frequency of each
language. We show that the abstraction helps mitigate robustness issues caused by par-
tial mismatches, and that it can be efficiently computed in an exact manner for bounded,
livelock-free stochastic Petri nets, a widely adopted class of stochastic process models in
process mining.

This is a revised and extended version of a conference paper (Rocha et al. 2024). Com-
pared to Rocha et al. (2024), we:

1. Included an evaluation of the expressive power of the abstraction
2. Extended the evaluation with additional derived conformance measures
3. Discussed conformance diagnostics methods for the derived measures

The remainder of this paper is structured as follows: “Preliminaries” section estab-
lishes notation and introduces key concepts in stochastic conformance checking. “The
stochastic markovian abstraction” section presents the stochastic Markovian abstraction
and its properties, while “Derived stochastic measures” section introduces two stochas-
tic conformance measures derived from it (the 7K measures). In “Quantitative evalua-
tion” section, we evaluate the abstraction and its derived m* measures, and in “Stochastic
conformance diagnostics” section, we demonstrate how to generate conformance diag-
nostics based on the derived n* measures. Related work is discussed in “Related work”
section. Finally, “Conclusions, discussion and future work” section concludes the paper
and outlines directions for future research.

Preliminaries

This section fixes the notation and introduces the basic definitions used throughout
the rest of this paper. Ny and Rxg denote the set of natural numbers including 0 and
the non-negative real numbers. Given a set S, the indicator function 1g(s) returns
1if s € S, and O otherwise. Let ¥ be an alphabet of activities, we define T ¢ X as the
invisible label and define ©; = £ U {t}. = denotes the set of all traces over ¥ of



Goulart Rocha et al. Process Science (2025) 2:13 Page 4 of 33

length less than or equal to &, and X* denotes the set of all finite traces over X. Given
a trace o = (ay,ay, - ay) € ¥ oli]l = a; denotes the i-th entry in the trace and
o7 = (a;, aiy1,- - aj),1 < i <j < ndenotes the subtrace of o of length j — i 4 1 start-
ing at index i.

A multiset B over a set S is a function B : S — Ny where B(s) returns the frequency of
s in B for each s € S. Multisets are written using bracket notation B = [sf(sl), sg(”), -
We omit the superscript if B(s;) =1 and we do not write s; if B(s;) =0, e.g. for
S = {s1, 92,83}, [s%, s2]is the multiset containing 2 copies of s1, one copy of s3, and no copy
of s3. A multiset’s support defined as supp(B) = {s € S | B(s) > 0} is the set of entries
in B occurring at least once. A multiset’s cardinality |B| is defined as |B| = > ¢ B(s).
Furthermore, B(S) denotes the set of all multisets over S. We define the union and dif-
ference multisets as (A W B)(s) = A(s) + B(s) and (A \ B)(s) = A(s) — B(s) (the latter is
only defined if A(b) > B(b) for every b € supp(B)). Last, we abuse notation and write
x < 0o and ¥ = oo to denote that an expression/function x is bounded/defined, respec-
tively unbounded/undefined. Stochastic languages are the central concept in this work:

Definition 1 (Stochastic Language) Given an alphabet %, a stochastic language / is a
function/ : ¥* — [0,1]such that ) .+« [(0) = 1, i.e. [ defines a probability distribution
over X%,

We use the same notation as multisets for stochastic languages, e.g. we represent the
stochastic language [ : ©* — [0,1] as [ = [all(al),azl(@), ---], 0; € X*. An event log is a

collection of events grouped into traces describing the system’s observed behavior.

Definition 2 (Event Log) Let X be a set of activity labels, an event log is a multiset of
traces L € B(X*).

Figure 2 shows the example event log Lo = [(a,D, )0, (a, ¢, b)Y, (a,a,a, b, c)*0].
An event log L implicitly defines a stochastic language [; as I (o) = %, e.g.
Ity = [{a, b, )% (a,c,b)%3, (a,a,a,b,c)**]. In contrast to event logs, process models
often include an infeasibly large, or even infinite number of traces due to parallelism
and loops. Therefore, process models are preferably expressed using compact represen-

tations such as stochastic labeled Petri nets (SLPN):

Definition 3 (Stochastic Labeled Petri Nets (SLPN)) A stochastic labeled Petri net
(SLPN) is a septuple SN = (P, T, F, X, 1, My, w) where P is the set of places, T is the set
of transitions s.t. PNT =@, F C (P x T) U (T x P) is the flow relation, X is the set of
activity labels s.t. T ¢ ¥, 1: T — X; is a transition labeling function, My € B(P) is the
initial marking, and w : T — R is a weight function.

SLPNs extend labeled Petri nets with the stochastic perspective using transi-
tion weights.! States in a SLPN are represented as multisets of places M C B(P)
called markings. For each transition ¢ € T, we define ot = {p € P | (p,t) € F} and

! Our definition differs from the reference in Marsan et al. (1995) by adding transition labels and ignoring time.
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te ={p € P | (t,p) € F} as the transition’s pre-/post sets. A transition ¢ € T is enabled
at marking M (written M[t)) if ot < M. We write enabledsny (M) = {t € T | M[¢t)}as the
set of enabled transitions in M. A marking is a deadlock marking if enabled sy (M) = 0,
i.e. no transition is enabled at M. Firing a transition ¢ € enabledsy (M) changes the
state of the Petri net from M to M’ = (M \ et) W te (we write M[t)M’).

A sequence of transitionsn = (t1,t, - - - t,,) € T*is enabled in marking M (written M[n)) if
there exists My, Mo, - - - M,, € B(P) such that M[t1)Mq, M1[t2) Mo, - - - , My, _1[t,)M,, (com-
pactly, M[n)M,). If M = M, thennis a run. A marking M’ is reachable from M if there exists
arunn € T*such that M[n)M’'. We define R(SN, M) = {M' € B(P) | In € T*, M[n)M']}
as the set of markings reachable from M. For this work, we consider all deadlock markings
as the net’s accepting states. If M, is an accepting state, then 7 is an accepting run. A livelock
is a marking from which no accepting state can be reached, i.e. there are no deadlock states
in R(SN, M). A SLPN is livelock-free if R (SN, M) contains no livelock and it is bounded if
it has finitely many reachable states from My, i.e.|R(SN, Mp)| < oc.

In a SLPN, a transition ¢ € enabledsy(M) fires with  probability
psN (M, t) = w(t)/ Zt’eenabledsN(M) w(t'), i.e. transitions in a marking fire with
a probability based on their relative weight to the total weight of all transi-
tions enabled in that marking. The probability of an accepting run 5 is defined as
psn(n) = H0§i<np5N(Mi’ tit+1), i.e. the product of its transition probabilities at each
intermediate marking. A bounded livelock-free SLPN SN generates a stochastic lan-
guage [sy defined as Isy (o) = Z,’GTW(,I):U psn(n). SLPNs have a close link to Sto-
chastic Non-Deterministic Finite Automata (SNFA), defined below:

Definition 4 (Stochastic Non-Deterministic Finite Automaton (SNFA)) A stochastic
non-deterministic finite automaton (SNFA) is a tuple (Q, X, 8, qo, pr) where Q is a set of
states, X is an alphabet s.t. 7 ¢ ¥, § : Q x X; x Q — [0, 1] is the transition probability
function, gq is the initial state and py : Q — [0, 1]is the function defining the final prob-
ability of each state, where Vg € Q : Z(a,q/)e(Eer) 8(q,a,q9") +pr(q) = 1.

We define the set of SNFA edges E = (Q x X; x Q). For an edge e = (¢,a,4') € E,
we define src(e) = q, A(e) = a, tgit(e) = q/. Notice that in an SNFA, each state
may have multiple outgoing edges with the same label (including 7). Given a SNFA
N =(Q, %,8,90,pf), a path 7 in N is a pair & = (q, p) € (Q x E¥) where ¢ is its root
and p = (e1, ey, ,e,) € E*is a sequence of edges such that p is empty or src(e1) = ¢q,
and gt (e;) = src(eiy1) for everyl < i < n. We define src(w) = q and tgt () = tgt(en) (q
if p is empty). We denote by ©x(g) the set of all paths in N such that src(7) = g. Simi-
larly, ®xn(g,4’) is the set of paths in ®y(g) such that tgt(w) = ¢', and On(q,q',n) is
the set of paths in Oxn (g, q') with length n. We extend § to paths as §(7) = He,-ep 8(ep)
(1 if w is empty). The labeling of a path m = (q,p) € (Q x E*) is the trace A(w)
obtained by concatenating the visible labels A(e;) of p. The accepting probability of
a path 7 is Py () = 8(p) - pr(tgt(p)). The probability of N generating a trace o € X*
is defined as the sum of the probabilities of all paths rooted in g labeled with o, i.e.
PN (0) = X peon (o im=o PN (0.

A state g in N is accessible if it can be reached from the starting state with non-zero
probability and useful if it is visited by at least one path m € ®x(qo) such that Py () > 0,
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i.e. it is always possible to reach a final state from g with non-zero probability. Non-use-
ful states are either inaccessible, or are in a livelock. N is consistent if all of its accessible
states are useful (Vidal et al. 2005a), i.e. one never reaches a livelock from gg. Last, a
SNFA is trimmed if all of its states are accessible. A SNFA can be trimmed in linear time
by removing all of its inaccessible states.

If N is consistent, then Py : £* — [0, 1] defines a stochastic language (Vidal et al. 2005a).
The class of stochastic regular languages is the class of stochastic languages that can be gen-
erated by a consistent SNFA (Vidal et al. 2005a).? This paper only considers trimmed, con-
sistent SNFAs.2 These can be directly obtained from bounded, livelock-free SLPNSs.

Definition 5 (The Embedded SNFA of a Bounded, Livelock-Free SLPN) Let
SN = (P, T,F, %, ., Mo, w) be a bounded, livelock-free SLPN. Its embedded SNFA is the
SNFA N = (R(SN, Mo), %, 8, Mo, p) such that:

- teenabled M) MM, 1(t)=a WE)

S(M,a, M) =
Zteemzbled(M) W(t)
and
| 1 Mis a deadlock marking
pr (M) = { 0 otherwise

By construction, N generates the same stochastic language as SN. Figure 3a shows the
embedded SNFA from the SLPN of Fig. 2. Notice that it contains 7 transitions. A SNFA
is T-free if for every q;,q; € Q : 8(q;, T,q;) = 0, i.e. T transitions have weight 0. Given an
arbitrary SNFA N, one can always convert it into a t-free SNFA N’ by t-removal (Han-
neforth and de la Higuera 2010). Figure 3b shows SNFA N obtained from Nj after 7
-removal. Nj is coincidentally also deterministic. Stochastic deterministic regular lan-

guages can be expressed using a stochastic deterministic finite automaton:

Definition 6 (Stochastic Deterministic Finite Automaton (SDFA)) A stochas-
tic deterministic finite automaton (SDFA) is an SNFA D = (Q, %, §, g0, pr) with the
additional restrictions that: §(g,7,4) =0V (q,4') € Q x Q (no t transitions) and
Hq' 18(g,l,q") > 0} <1V (q,]) € Q x X (edges leaving each state are uniquely labeled).

In our running example, SNFA Ny in Fig. 3b is deterministic. Observe that while Ny
could be converted into an equivalent SDFA, this is not always possible as SDFAs are
strictly less expressive than SNFAs (Dupont et al. 2005). Still, SDFAs and other restric-
tive classes of stochastic models are attractive as they are easier to analyze, e.g. trace
probabilities can be computed in linear time (Vidal et al. 2005a) and weight estimation

can be achieved using Maximum Likelihood Estimation (Dupont et al. 2005). This work

% Notice that the language induced by an SNFA has regular support, i.e. supp(Py) is regular. However, not all stochastic
languages with regular support can be represented by an SNFA Dupont et al. (2005).

3 This is not a limitation since inconsistent SNFAs do not define a stochastic language and any consistent SNFAs can be
trimmed in linear time.
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(a) SNo’s embedded SNFA Ny (b) Equivalent 7-free SNFA N{)

Fig. 3 SNFAs Ngand Nj generating the same stochastic language as SNo. Ny is obtained from Np after ¢
-removal (the state names are kept). Termination probabilities are annotated in each state

has a close relation to stochastic k-testable languages (Garcia and Vidal 1990), which we

define using k-testable machines.

Definition 7 (K-Testable Machine (adapted from Chu and Bonsangue (2020))) Let X be
an alphabet and k > 1. A k-testable machine is a 5-tuple Z* = (X, Pref, Suff, Inf, Short)
where Pref,Suff € £¥~! are the language’s set of prefixes/suffixes of length k — 1,
Inf C =K is the set of infixes of length k of the language, and Short € ¥ <K~1is the set of

short traces in the language.*

zk accepts the language LZk = ((Pref * N Z*Suff) \ PO OILAN Inf)*X*) U Short,
i.e. all the short sequences and all the finite sequences of activities that
start with one of the allowed prefixes, contains only the allowed infixes and
ends with one of the allowed suffixes. For example, the k-testable machines
Z? = ({a, b,c}, {(a)}, {{b), (o)), ((a, ), (a, b), (@, ¢), (b, c), (¢, b))}, ) and
73 = (la,b,c}, Ha, a), (a, b), (a, &)}, {(b, ), ¢, b)), a,a,a), (a,a,b), (a,a,c), (a, b, c), (a,c, b)}, )
accept languages L£(Z2) = {(a,b), (a,a,b), (a,c), (a,b,c), (a,c,b), (a,ab,cb),---} and
L(Z3) = {{a,b,c), (a,c,b), (a,a,b,c), (a,a,c,b),- -}, respectively.

The parameter k controls the machine’s memory size and, consequently, its expres-
sive power. For a fixed k, the set of languages recognizable by a k-testable machine
forms the class of k-testable languages. This class represents a strictly less expres-
sive subclass of regular languages. Nevertheless, they can approximate certain regu-
lar languages with increasing accuracy as k grows. For example, £(Z?) and £(Z?%)
are the smallest 2/3-testable languages that include supp(SNp) (Fig. 2). Notice that
supp(SNp) C L(Z?) and supp(SNy) = L(Z3), i.e. Z?> does not perfectly describe
supp(SNp), while Z3 does. Finally, we define stochastic k-testable languages (k-T'SSL)
as the set of stochastic regular languages with k-testable support. Similarly, stochas-
tic k-testable languages form a proper subclass of stochastic deterministic regular lan-
guages (Garcia and Vidal 1990). Figure 4 shows an overview of the classes of stochastic

languages considered in this work.

* We slightly differ from the definition in Chu and Bonsangue (2020) by considering Short € £<¥~Tinstead of C = <¥ to
ensure that Short N Pref £* N *Suff = @.
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Stochastic labeled Petri nets (SLPNs)

Bounded livelock-free SLPNs /
Stochastic Non-Deterministic Regular Languages

Stochastic Deterministic Regular Languages

K-TSSL ... 12.TSSL | |.1ssL

Fig. 4 Hierarchy of classes of stochastic languages. The classes treated by this paper are colored gray.
Stochastic Deterministic Regular Languages can be approximated by a k-TSSL for a sufficiently large k

Table 1 Example reallocation function from the example event log Ly to the process model SNo.
No probability is reallocated from Lo's {a,b,¢c) and (a,c,b). All the remaining traces in the model are
covered by {a,a,a,b,c)

Model (SNp)

(a,b,c) (a,c,b) (a,a,b,c) (a,a,c,b) (a,a,a,b,c)
Log (Lo) Prob. 0.45 0.3 0.1125 0.075 0.028125
(a,b,c) 045 045 0.0 0.0 0.0 0.0
(a,c,b) 03 0.0 0.3 0.0 0.0 0.0
{a,a,a,b,c) 0.25 0.0 0.0 0.1125 0.075 0.028125

Earth mover’s stochastic conformance measure

This work is heavily based on the earth mover’s stochastic conformance measure
(Leemans et al. 2021), which we detail below. In order to introduce it, we must first
introduce the notion of a reallocation function.

Definition 8 (Reallocation Function) Let X be an alphabet and /1,l, : £* — [0, 1] be
stochastic languages. A reallocation function is a function ry, ;, : ¥* x ¥* — [0, 1] such
that:

Yo € %, l1(c) = Z ry(0,0") and Vo' € %, lh(o') = Z 1 1, (0,0") (1)

olex* oex*

A reallocation function defines an assignment from a source probability distribu-
tion to a target probability distribution. Table 1 shows a possible reallocation function
from the event log Lo to the process model SNy from Fig. 2.

The earth mover’s stochastic conformance measure searches for an optimal reallo-
cation with respect to a given distance measure.

Definition 9 (Earth Mover’s Stochastic Conformance Measure (EMSC)) Let ¥ be an
alphabet, /1,5 : ¥* — [0, 1] stochastic languages, and R, ;, the set of all possible reallo-
cation functions from /1 to l. Let ¢ : £* x ¥* — [0, 1] be a trace distance function. The
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Earth Mover’s Stochastic Conformance measure (EMSC) with cost function c is defined
as:

EMSC(l1,1l5,¢) =1 — min Z r(o,0)c(o,0")

PRI (5 oremx T

(2)

Two cost functions are commonly used in process mining. The normalized string edit
(Levenshtein) distance (Leemans et al. 2021) (without replacements) and the unit dis-
tance between traces u : £* x £* — [0,1] defined as u(o,0’) =1 — 1(5}(c”), defining
the EMSC and uEMSC stochastic conformance measures respectively.

Both measures have significant weaknesses. The Levenshtein distance is robust to par-
tial mismatches. Because of that, the EMSC is often a robust measure for comparing sto-
chastic languages. However, the EMSC cannot be computed if one of the languages has
infinite support (which is the common case in process mining), therefore, an approxima-
tion computed by sampling the model behavior is used instead, yielding the truncated
EMSC measure (tEMSC). The tEMSC measure requires sampling a representative prob-
ability mass from the model. In the example of Table 1, we could truncate SNy’s language
to consider only its five most frequent model traces, which represent approximately 97%
of the model’s total behavior. While this may suffice for this simple process model, sam-
pling enough behavior is difficult for models with a high degree of parallelism or with
loops. Furthermore, even if the sampling step succeeds, solving the associated mini-
mization problem requires solving an optimal transportation problem (Leemans et al.
2021), which is computationally expensive.

In contrast, the uEMSC can be computed in an exact manner (Leemans et al. 2024b)
and is efficient in practice, however, the unit cost function severely penalizes partial trace
mismatches. For example, u({(a, b, c), (4, a, b, ¢)) = 1, indicating that these are totally differ-
ent traces, even though they only differ in one step. Therefore, the tEMSC and the uEMSC
measures compromise on one of the quality criteria listed in “Introduction” section. In the
next section, we see how the Markovian abstraction can be used to alleviate these issues.

The stochastic markovian abstraction

This section presents the stochastic Markovian abstraction, a natural extension of the
Markovian abstraction from Augusto et al. (2022) to stochastic languages. We first
define the abstraction. Then, we show how to compute it for stochastic regular languages
and discuss some of its properties, including a necessary and sufficient condition for its
existence. The abstraction is based on the multiset of k-trimmed subtraces:

Definition 10 (Multiset of K-Trimmed Subtraces) Let 0 € ¥* and k > 1. The multi-
set of k-trimmed subtraces SX is recursively defined as:

s _ [0l ifo| < k
o [Ul_’k} &JS(I;ZAM otherwise

Let o = {(a,a,b,c), then S(ly = [(61)2, (b), (0], S(Zy = [{a, a), (a, b), (b, c)],
$3 = la,a,b), (a,b,c)], and Sk = [(a,a,b,c)] for all k > 4. The k-th order multiset
Makorvian abstraction of a trace (defined below) is similar to the multiset of k-trimmed
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subtraces but with special start/end markers +/— to track the language’s prefixes and
suffixes.

Definition 11 (K-th Order Multiset Markovian Abstraction of a Trace) Let ¥ be an
alphabet, 4+/— be special start/end markers, with 4+, — ¢ ¥ and k > 2. The k-th order
multiset Markovian abstraction of a trace o € X is defined as:

k k
M, = S+J—

From now on, we abbreviate ¥ U {4+, —} = ¥4. Consider again o = (a,a, b, c), then
M; = [(+ a), (a,a),{aDb), (b,c), (c,—)], M} = [(+ a,a),(a,a,b),(a,b,c), (b,c, )],
Mﬁ = [(+,a,a,b),(a,a,b,c),{a,b,c,—)], M(S, = [(+,a,a,b,¢),{a,a,b,c,—)], and
MK = [+o—] for k > 6. Definition 11 is naturally extended to stochastic languages by
considering trace probabilities as follows:

Definition 12 (K-th Order Stochastic Markovian Abstraction) Let X be an alphabet,
[ : £* — [0, 1] a stochastic language, and k > 2. Define flk : X5 — Rypas:

fFo=>" le) - MEy) (3)

ocex*

If the sum Zy’ezi flk (y") is finite and non-zero, the k-th order stochastic Markovian
abstraction of / is the function m;( : X% — [0,1] defined as:

o

k
)=
T S s SR

(4)

Otherwise, mf( is undefined.

Function flk returns the expected number of occurrences of /s k-trimmed subtraces,
with special start and end markers to track its prefixes and suffixes. The k-th order
stochastic Markovian abstraction m’l( is the normalization of flk , yielding a probabil-
ity distribution over subtraces, provided the total expected count is finite. This is a
natural generalization of the non-stochastic version from Goulart Rocha and van der
Aalst (2023). The use of prefix/suffix markers +/— is for practical reasons as they help
distinguish between prefixes, suffixes, infixes, and short traces, which makes it easier
to define operations on this set, as done in Goulart Rocha and van der Aalst (2023).

For the example event log Ly from Fig. 2, we obtain that

SR (raa)) = (Lo (abye)) + M, (hra)) )+ (g (e, b) M2, ) (0D )+

<1L0(<a’“’ a,b,c)) *M(Za,g,a,bm(('i‘yﬂ))) = % * 1+ % * 14 % 1= %—8
and (in general),
f2 =@y, (a,b)%, (b,e) 5, (¢, =) B, (a,a) B, (a,¢), (¢, ) B, (b,~)H]. And so
0
Zyez;f[k()’) = %8~ Therefore,
2 20 14 14 14 10 6 6 6
mlL - [<+rﬂ> 90, (ﬂ, b) 9, (b! C) 9, (C’ _) 9, (ﬂ’d> 90, (6{, C) 9, <C’ b) 90, (b! _>90 ]
0

k

For finite stochastic languages, m" can be computed by counting the subtrace fre-

quencies and normalizing them. Next, we show a procedure to compute m* for
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stochastic regular languages represented by a SNFA. But first, we must introduce
patched SNFAs and an SNFA’s transition matrix.

Definition 13  (Patched SNFA) Let N = (Q, %, §, g0, pr) be an SNFA. Its patched SNFA
is the SNEA N = (QU {¢4,9-}, B+,8, ¢+, Py), where py = 1(;_), and

pr(q) if =q_anda = —

A N o 1 ifq=4+>ﬂ=+, al’ldq/=q0
g, a,q) = 8(q,a,q) ifq,q € Qa e T U{tr)
0 otherwise

Figure 5a shows the SNFA ]\Af(’) obtained by patching Nj. ]\Afé adds a source state g
and a sink state g_ to N{. It accepts the stochastic language / : £} — [0, 1] equal to
language [ concatenated with prefix 4+ and suffix —, i.e. [(¢) = [(+0—) V o € supp(l).

Definition 14 (SNFA’s Transition Matrix) Let N = (Q, X, 8,90, py be an SNFA. Its
transition matrix is the matrix A = [A;;] € R‘ZQollel, where Aj; = Zlez 8(qi, 1, gp).

Figure 5b shows the transition matrix A of the patched SNFA ]\Af(’) Each entry Aij
represents the probability of transitioning from state g; to g; in N via any edge. The
lemma below shows how this can be used to compute #7* of a stochastic language.

Lemma 1

(Computing flk of a Stochastic Regular Language l) Let ¥ be an alphabet,
N = (Q, %, 6,90, pf) be a trimmed, consistent t-free SNFA generating the stochastic lan-
guagel : ¥* — [0,1], and k > 2. Let N =(Q, 4,53, 4+, Dy) be N's patched SNFA gener-
ating language . Fory € supp(flk ), it holds that:

ffoy = "xiql- (i) -

q€Q

Where X = (x4, Xq, - - %4_] is the solution to the equation x(I — A)=1[10---0] (A is

N’s transition matrix) and qg(y i) => H (7)) is the probability of gener-

7y €05 (q),A(Try )=y
ating the sequence y starting from state q in N.

01 0 0 00O
00 1 0 000
000250450300

A=100 0 0 010
00 0 0 010
00 0 0 001
00 0 0 000

(b)
Fig.5 /\76 (5a), obtained by patching /\/6 from Fig. 3a, and its transition matrix A (5b). The solution to
x(/ — A) =[10 --- 0]is annotated in red
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Proof

See Appendix A. The idea is to first prove that flk(y) = Za,ﬁezi Py (ayB) for
y € supp(flk) and then prove that } -, ge s+ Py (ayp) = Zq’eé xg - 9(vlgH). O

Here, x[gq] represents the expected number of visits to state g of a random walk over
N starting from state g before absorption in g_ (Grinstead and Snell 2003) and $(y lg)
the replay probability of subtrace y from state g. The formula from Eq. 5 directly pro-
vides a method to compute m;‘ given a trimmed, consistent SNFA N accepting /. First, we
transform N into a t-free SNFA N’ with a -removal step (Hanneforth and de la Higuera
2010) and patch N’ by adding the +/— markers, obtaining N’. Then x can be computed
by solving the system of linear equations x(/ — A)=1[10---0], and gi;(y|q) can be com-
puted by path enumeration over N’ starting from ¢q for each required y. The algorithm
works by summing each subtrace’s replay probabilities starting from each state and add-
ing up their contributions, weighted by the respective expected number of state visits.
Notice that this only works because N’ is 7-free and trimmed.

Figure 5b shows the transition matrix A of ]\}6 (Fig. 5a). Solving x(I — A)=1[10---0]
for x, we obtain x = [114/30.60.4 1 1], (annotated in red in Fig. 5a). From that, it is
possible  to  compute flk (y) as Zqi cO%ai - #(y|g:). For  example,
(@, b)|q0) = 1% 0.45 = 0.45, ¢((a, b)|q1) = 0.25 % 0.45 = 0.1125, and ¢ ({(a, b)|g;) = O
for the other states g;. Therefore, flz((a, b)) =1%0.45+4/3 %0.1125 = 0.6.

Runtime

The m* abstraction of a finite stochastic language (like an event log) can be computed via
single iteration over the traces. Let SN be a SLPN. Let N = (Q, %, §, qo, py) be its embed-
ded SNFA (Definition 5) and N' = (Q’, %, 8, g, p}) a t-free SNFA generating the same
language as N and N = (@, Y4, §,q+,[9f) its patched SNFA (Definition 13). Then
|Q| = |R(SN, My)|, where | R(SN, Mp)| can be exponential in the number of places in SN.
|Q'| < |Q|(Mohri 2011), but N” has higher edge density than N.

The computation of Lemma 1 occurs in two steps: First, solve the linear system
x(I — A) =[10---0]. Then, compute (Z)(y|q) for each y € supp(flk) and g € Q. For the
first step, I — Ais a |Q| X |Q| matrix (|Q| = |Q'| + 2). Oftentimes, e.g. if the model is
deterministic, I — A is very sparse, such that the system can be efficiently solved. The
second step has runtime in O(|Q| % |24|%), which is the same as the method for its
non-stochastic version m* (Augusto et al. 2022). Despite the relatively high exponents,
“Quantitative evaluation” section shows that the computation is still feasible.

The stochastic K-testable language induced by m*

For a given stochastic language [ with well-defined i, supp(mf‘ ) implicitly defines a
k-testable machine Zlk = (X, Pref, Suff, Inf, Short), where the prefixes/suffixes are
obtained from subtraces containing only the start/end marker, the infixes are obtained
from subtraces containing neither markers, and the short traces are the subtraces con-
taining both. Furthermore, it holds that Zlk is the smallest k-testable machine such that
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supp(l) < E(Zlk ) (Chu and Bonsangue 2020). Moreover, we can create a stochastic DFA
D generating the stochastic k-testable language TSSLf( such that supp(TSSL;‘ ) = E(Zlk )
k

and ml;s st =my, ie. m* of TSSL;‘ is the original m’l( (see Chu and Bonsangue (2020) for

the construction and Vidal et al. (2005b) for the proofs). We say that TSSL;< is the sto-
chastic language induced by m?‘. In the limit, as k increases, TSSL;‘ approaches [. In
the “Approximation quality of the markovian abstraction” section, we will use TSSL;‘ to
measure how well m represents 1.

Well-definedness beyond stochastic regular languages

A consequence of Lemma 1 is that mg‘ of stochastic regular languages is well-defined.
This is not all too surprising considering existing work on island probability computa-
tion for stochastic regular (Fred 2000) and context-free grammars (Corazzat et al. 1990).
For arbitrary stochastic languages, this might not be the case. Consider [ : {a}* — [0, 1]

Zn—lﬂ ifo = (a,a,---a),for somen € Ny
defined as l(o) = { m . Then
0  otherwise
l = {{(a, a)%, (a,a, a)%, (a,a,a,a, a)% .-}, 1 is a stochastic language since
Zae{ﬂ}* l(0) = 1. However, flz((a,zz)) =1- % +2- % +4 - % + .- =00, ie. f12 is not
defined. The following lemma shows that a stochastic language’s expected trace length

being finite is a necessary and sufficient condition for flk < o0.
Lemma 2

(A Necessary and Sufficient Condition for Well-Defined flk ) Given a stochastic language
[:X* — [0,1]. Then for any k > 2

flk(y)<ooVyeEik — Zl(c)|0|<oo )

oex*

Proof
See Appendix A. Use the inequality|o|/k < |S§| <lo|+ 10O

It follows directly from supp(flk ) € Zik that if flk is well-defined, then so is n*. We
can use Lemma 2 to show that there exist unbounded livelock-free SLPNs for which mf(
is well-defined. For example, consider the net from Fig. 6.

The net generates language l:{a,b,c}* — [0,1] Observe that
supp(l) = {o € {a,b,c}* | lowy| = lopy| = log |}, where o is the projection of o in X i.e.
supp(l) is the set of all sequences containing an equal number of occurrences of 4, b, and c.
Traces in supp(l) have size 3n for n € Ny and Zaesupp(l),lal:?:n
probabilities of all traces of length 3# is 2~""+1), Thus, Ypessloll@) =302, % < o0
Therefore (Lemma 2), m;‘ is well-defined for the net above. The question arises whether m;( is

= 2,1%, i.e. the sum of the

well-defined for all livelock-free SLPNs. Which we could neither prove nor disprove.
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@y iev

Fig. 6 An unbounded, livelock-free SLPN generating stochastic language / with finite expected trace length,
ensuring m/k is well-defined. All transitions have a weight of 1

Derived stochastic measures

Definition 12 defines a stochastic language. Hence, given two stochastic languages
i and I, their respective abstractions, m;‘l and mé‘z , can be compared using any
established stochastic conformance measure. This paper considers the two varia-
tions of the EMSC measure (UEMSC and EMSC) introduced in the “Earth mov-
er’s stochastic conformance measure” section to obtain the “new” derived m*
-EMSC and m*-uEMSC measures defined as m*-EMSC(ly, o) = EMSC(m?i,mﬁ) and
m*-WEMSC(ly, l) = uEMSC(mj , m} ).

The m*-EMSC measure inherits the “good” quality characteristics from the original
EMSC measure, namely its robustness to partial mismatches. At the same time the
Markovian abstraction requires no sampling, which makes it scalable for complex mod-
els where it is not possible to sample enough behavior. However, a significant disadvan-
tage of the m*-EMSC measure, also inherited directly from the base EMSC measure, is
that m*-EMSC still requires computing the optimal reallocation by solving an optimal
transport problem, which can be computationally expensive.

In contrast, the m*-uEMSC measure can be computed using the formula mk-
uEMSC(l1,lh) =1 — Zyesz max(mé‘l (y) — mﬁ (¥),0) (Leemans et al. 2021), which can

be computed in a linear pass over m?‘l and mz By using the stochastic Markovian
abstraction, m*-uEMSC compensates for the rigidity of the uEMSC measure regarding
partially matching traces. Intuitively, m*-uEMSC compares the expected frequency of
subtraces in both languages. m*-uEMSC is more scalable than #*-EMSC and should be
used if m*-EMSC cannot be computed efficiently.

Note that mf approaches 1 as k— oc. Therefore, for larger ks, mk-
EMSC(l1,l;)  approaches EMSC(zl, 22) and mk—uEMSC(ll, l)  approches
uEMSC (21, 22) = uEMSC(l1, I). This implies that for large ks, m* measures will increas-
ingly share the same limitations and characteristics as their respective base measures
(EMSC and uEMSC).

Quantitative evaluation

This section evaluates the abstraction and its derived measures on a series of synthetic
and real-world datasets. We investigate how well the abstraction represents the original
languages, and whether it can mitigate the weaknesses of their base measures.
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We evaluate the approach on a collection of real-world event logs including event logs
taken from multiple editions of the Business Process Intelligence Challenges (Steeman
2013; van Dongen 2014, 2015; Khayatbashi et al. 2023; van Dongen 2020) (BPI), the ital-
ian road fines traffic management event log (de Leoni and Mannhardt 2015) (RF), the
hospital billing event log (Mannhardt 2017) (HB), and the sepsis event log (Mannhardt
2016) (SEPSIS). The BPI datasets are split into sub-logs according to their sub-processes.
The BPI 2015 log is prepared by merging the data of all of its municipalities. Further-
more, we select only its five largest sub-processes (by number of events) to avoid a single
dataset from dominating the results.

For each event log, we discover multiple stochastic process models by mining con-
trol flow models and combining them with a weight estimation method from Burke
et al. (2021). For the control-flow perspective, we consider the Split Miner (Augusto
et al. 2019) with default parameters (SM), the Inductive Miner infrequent variant
(Leemans et al. 2014) with a noise threshold of 0.2 (IMf02), the Directly-Follows Miner
(Leemans et al. 2019) with a frequency threshold of 0.8, and the Flower Miner (FM).
As weight estimators, we use the frequency-based estimator (FBE), the Bill Clinton
estimator (BCE) (fork distribution estimator in Burke et al. (2021)), and the alignment-
based estimator (ABE).

The weight estimators are assigned a single-threaded maximum execution time of two
hours. We discard unsound control-flow models. We further discard trivial control-flow
models that consist of a single trace. Furthermore, for the directly-follows and flower
miners, the BCE and FBE estimators return models with equal weights, therefore, we
discard the BCE estimator for these models. In the end, our dataset consists of 20 event
logs spawning seven different process types, 76 unique control-flow models, and 190
unique stochastic models.

Approximation quality of the markovian abstraction

We start by evaluating how effectively the proposed abstraction approximates its original
stochastic language /. To this end, we compare the Kullback-Leibler (KL) divergence (in
bits) between the stochastic languages / and ;s induced stochastic k-testable language
TSSL’;.5 As discussed in the section “The stochastic K-testable language induced by ne*
", we expect that TSSL? will converge to / as k increases, i.e. we expected KL(/, TSSL;‘ )to
approach 0 as k increases.

Interpreting the value of the Kullback-Leibler divergence can be challenging. There-
fore, we provide context by also considering entropy of the original language H(/) (anno-
tated on the left, only for languages with KL higher than one). If one interprets the KL
divergence as the “excess entropy” incurred when encoding  using TSSLY, then we say
that the approximation is “good” if the divergence is relatively small compared to /s
entropy. Furthermore, the effectiveness of the abstraction diminishes if k becomes exces-
sively large compared to the typical length of traces in /; in such cases, the abstraction is
exhaustively enumerating traces of /, rather than providing a compact representation of
[. To monitor this, we mark each language’s expected trace length on the plots (indicated

® The Kullback-Leibler is suitable in this setup since supp(/) € supp(TSSLf)
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(a) DFM and FM models. (b) IMf02 and SM models.

Fig. 7 Approximation quality of Markovian abstraction for the discovered stochastic models, measured

as KL(I, TSSL/k)‘ We only consider models for which the sampled behavior covers more than 90% of model
behavior. Dots indicate each model’s expected trace length. Models where KL(/, TSSL/z) > lare annotated
with the model's entropy. Some lines terminate before k = 5. These corresponds to points where m* could
not be computed

by dots). We consider the abstraction tp successfully approximate / if KL(!, TSSL;‘ ) is rel-
atively small compared to H(J) for a value of k that is less than the expected trace length
of .

We start the evaluation by considering the stochastic languages derived from the
discovered models. We estimate the KL divergence via sampling-based approach. For
that, we sample two million model traces via unbiased sampling using the Ebi tool
(Leemans et al. 2024a). We limit the sampling time to two hours and 64 GB of RAM.
The reliability of the computed KL divergence heavily depends on how well these
samples represent the true model behavior. Therefore, we discard models for which
the sample covers less than 90% of the model behavior, as conclusions drawn from
these are deemed unreliable. Finally, we split our models into two groups based on
their control-flow miners: the DFM/FM models and the IMf02/SM models. The for-
mer are based solely on the directly-follows relation, therefore we expect m? to per-
fectly approximate their languages. The results of this analysis are presented in Fig. 7.

As expected, we see that the abstraction can approximate the DFM and FM models
well and that the divergence does not change as k increases (Fig. 7a). For the IMf02
and SM models (Fig. 7b), the results confirm the trend that TSSLf approaches the
original language [ as k grows. In fact, at k = 2, most models already achieve KL < 1.

To those for which that isn’t the case, KL quickly decreases as k increases, falling

f=}

—

Kullback-Leibler (bits)

(=1

Fig. 8 Approximation quality for the event logs
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below a bit for all models at k = 5. This is despite most models having expected trace
length greater than 5.

Next, we analyze how well the abstraction can approximate the event logs. These
can be particularly challenging since, as opposed to our considered control-flow mod-
els, they contain stochastic long-term dependencies, which our abstraction cannot
properly handle. The results are summarized in Fig. 8. Here, the performance is more
varied. While the abstraction adequately approximates most of the logs, three specific
logs- BPI-2014, BPI-2015-Workflow, and SEPSIS - maintain relatively high KL diver-
gence values even at k = 7. This reduced accuracy is likely caused by the presence of
significant long-term dependencies within these log.

In summary, the experiments in this section demonstrate that the abstraction effec-
tively approximates the stochastic languages derived from various discovered process
models. However, its accuracy is lower for certain complex event logs, likely due to the
influence of long-term dependencies inherent in the real-world processes they repre-
sent. Nevertheless, as will be shown in the following sections, the abstractions can still
be applied for stochastic conformance checking.

mk-EMSC and mk-uEMSC measures

We now evaluate the derived conformance measures from the “Derived stochastic meas-
ures” section. For that, we consider the tEMSC, and the uEMSC measures and their derived
mK measures, with k varying from 2 to 4. For tEMSC, the sampling process terminates when
either 99% of the probability mass is covered, 50,000 model simulation runs are completed,
or 100 seconds have elapsed, whichever occurs first. When enough behavior can be sampled
from the model, the tEMSC measure provides what we consider to be the reference value for
the induced ranks. The #* computation is implemented in pure Python, except for the solu-
tion of the linear system x(I — A) = [10--- 0], which leverages native linear algebra librar-
ies (NumPy and SciPy). Compared to our work in Rocha et al. (2024), we replaced ProM’s
reference tEMSC implementation with a highly optimized custom implementation that uses
Python for sampling the model and C++ for solving the EMD problem. All experiments are
run single-threaded on an Intel Xeon Platinum 8468 CPU running Ubuntu 24.04.

Synthetic datasets

We start with a controlled experiment to evaluate the sanity of the derived
measures. For that, we construct a synthetic dataset consisting of an event log
L =[{a,c,b)!° (a,b,c)'> (a,d)®, (a,d,e,d)?°, (a,d,e,d,e,d)'°, (a,d,e,d, e d,e d)*] and
a set of manually designed process models (displayed in Fig. 9). The models are con-
structed to test how the measures handle partial mismatches in the control flow and
mismatches in the stochastic perspective. SN represents the target model that best rep-
resents the log without overfitting it. SN has the same control flow structure as SNy, but
its weights are changed to make the branch containing activities b and ¢ more frequently
and the loop on e more likely. SN3 represents the target model with an added activity f
after a. SNy is the trace model, that represents the same stochastic language as the event
log (by overfitting it). SN5 is the trace model with extra activity f added after a. Model
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Fig. 9 8 synthetic stochastic models. Unless marked, transition weights = 1. This dataset has been adapted
from Leemans and Polyvyanyy (2020)

SNp is the flower model obtained by assigning the frequency of each transition as transi-
tion weight. SN7 equals SNg with activity d removed and SNg equals SNg with activity f
added at the start of each trace. It is not possible to provide a reference rank of all mod-
els, but intuitively we expect to observe the following phenomena:

Obs. 1 conf(SN4) = 1.0 for all conformance measures. (Perfect conformance)

Obs. 2. SNj closely resembles the underlying process and should have the second-high-
est conformance value, with conf (SN1) close to 1.0.

Obs. 3. SNg adds an extra unmapped activity f to SNg without modifying the underlying
distribution. Therefore, we expect conf (SNg) > conf (SNg).

Obs. 4. SN3 and SN5 have a high conformance rate since all log traces only deviate from
them in activity f.

Obs. 5. SNy’s probability distribution significantly differs from the log. Therefore, we
expect conf (SN1) > conf (SN3) > conf (SNy).

Obs. 6. The flower models are the least conforming and should have a comparatively

lower conformance.

Page 18 of 33
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Table 2 Measure value (model ranking) for log L. Mismatches with respect to tEMSC's rankings are

tEMSC uEMSC

orig m? m3 m? orig m? m3 m?
SNi | 097 (2) 0.95(2) 0.94(2) 0.93(2) 0.95 (2) 0.94 (2) 0.92 (2) 0.90 (2)
SN2 | 0.58 (5) 0.80 (3) 0.76 (3) 0.79 (3) 0.37 (3) 0.68 (3) 0.57 (3) 0.54 (3)
SN3 | 0.73 (4) 0.77 (4) 0.72 (4) 0.70 (4) 0.00 (8) 0.64 (4) 0.35 (4) 0.27 (4)
SNy | 1.00 (1) 1.00 (1) 1.00 (1) 1.00 (1) 1.00 (1) 1.00 (1) 1.00 (1) 1.00 (1)
SNs | 0.74 (3) 0.76 (5) 0.70 (5) 0.67 (5) 0.00 (8) 0.63 (5) 0.31 (5) 0.22 (5)
SNe | 0.42 (6) 0.66 (6) 0.59 (6) 0.55 (6) | 0.017 (4) 0.32 (6) 0.09 (6) 0.02 (6)
SNz | 0.28 (8) 0.610 (8) 0.52 (8) 0.47 (8) | 0.001 (5) 0.221 (8) 0.03 (8) 0.005 (8)
SNg | 0.37 (7) 0.611 (7) 0.54 (7) 0.51 (7) 0.00 (8) 0.222 (7) 0.05 (7) 0.01 (7)

Table 2 shows the measure values for each log-model combination. We notice that
Obs. 1, Obs. 2, and Obs. 3 are satisfied by all measures. We see that Obs. 4 is only
satisfied for the tEMSC measures (original and m¥-based). Meanwhile, the uEMSC
measure assigns these models a conformance of zero because the addition of f makes
all log traces unfitting. This highlights the issue of the unit-cost function for partially
matching traces. The severity of this issue can be seen in the example of model SN5s.
While tEMSC ranks this model as the third best model, uEMSC assigns it a conform-
ance of 0. For the m* — uEMSC measures, Obs. 4 holds for low values of k. While for
increasing values of k, the measure converges to the uEMSC.

We see that Obs. 5 is only satisfied by the original tEMSC measure. However, we see
that the mK — tEMSC assigns close conformance values for SN, and SN3, while the dif-
ferences between the measure values are comparably high for the yEMSC measures
(original and #*-based). Finally, Obs. 6 is also satisfied by all measures. However, the
uEMSC measures tend to be too strict and assign conformance values close to zero,
while the tEMSC measures assign higher values, with m* — tEMSC being the most per-

missive of all measures.

Real-world datasets

We now assess the performance and behavior of the proposed measures using real-
world event logs. We begin by examining the computational feasibility of each measure.
Table 3 provides a summary of failure rates (timeouts and out-of-memories) for the mk
measures. We categorize when each situation occurred according to how other meas-
ures coped with the dataset. A measure fails if it times out or goes out of memory. Some-
times, tEMSC can be computed, but with a non-representative sampling of the model
behavior (we assume this to be the case if less than 50% of the model’s probability is sam-
pled). The uEMSC can be computed for all but one model. However, its value is often-
times too close to zero. We consider models for which the uEMSC measure value is less
than 10~ to be affected by issues with partial mismatches.

Overall, we see that the m* measures scale to the real-world models. Except for the
m*-EMSC measure, which fails even more frequently than tEMSC. These failures are
mostly caused by out of memories when trying to construct the reallocation matrix
between two very large abstractions. The m*-uEMSC goes out of memory for 5 models
(groups 3. and 4.). This can be explained by the method being implemented in Python,
where small strings consume orders of magnitude more space than in compiled lan-
guages. We believe this problem would not happen if the method was implemented in a
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Table 3 Number of failed computations for the m* measures, grouped by how the reference
measures coped with the same model, including whether tEMSC sampled sufficient behavior
(p< 50%) and UEMSC returned a negligible value (< 10~%)

Group  tEMSC uEMSC ¥ mk-EMSC failed mK-uEMSC failed
failed P<50% <1074 k=2 k=3 k=4 k=2 k=3 k=4

1. Y Y 7 0 0 0 0 0 0
2. Y - N 6 0 0 1 0 0 0
3. N Y Y 14 0 0 6 0 0 4
4. N Y N 16 0 0 4 0 0 1
5. N N Y 32 0 0 3 0 0 0
6. N N N 109 0 2 12 0 0 0
All - - - 184 0 2 26 0 0 5

compiled language. Groups 1. and 3. are particularly interesting. These contain 21 mod-
els for which uEMSC is negligible and tEMSC either failed, or did not sample repre-
sentative behavior. For these 21 models, the #X measures are arguably the only measures
that could process them.

Figure 10 displays the distribution of computation times for each measure. This analy-
sis includes only experiments that either completed successfully or timed out, excluding
those that failed due to out-of-memory errors.

The first thing to notice is that tEMSC and uEMSC are respectively the slowest and
fastest measures to compute, with a difference of two orders of magnitude in their
median computation times. While the 7% measures fall between these extremes.

K measures, we see that the m*-uEMSC measures demonstrate bet-

Comparing the m
ter scalability than their mf-EMSC counterparts. They exhibit lower median computa-
tion times and fewer outliers in their runtime distributions, particularly when k = 4. For
smaller values of k (k = 2, 3), the runtime of the m* measures is primarily dominated by
the linear pass over the event log. However, for larger values of k, the computation of
each subtrace probability and the solution to the optimal transport problem (in the case
of m*-EMSC) become the main factors influencing runtime.

Finally, it is important to note the difference in implementation languages: the m*
measures are partially implemented in Python, while the uEMSC measure is fully imple-
mented in Java. We believe that implementing the 77X measures in a compiled language
could close the performance gap between these two approaches.
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Fig. 10 Runtime distribution for each measure. The median is indicated in orange
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Fig. 11 Kendall Tau-b rank correlation between model rankings produced by the m¥ measures and the
tEMSC baseline, plotted against tEMSC's average sampling probability. Larger points indicate correlations
calculated from a higher number of successful computations (fewer timeouts/errors)

Next, we evaluate the rankings produced by the derived measures. For each event
log, we examine the rankings of its associated process models induced by each meas-
ure. We then compare these rankings against the ranking produced by tEMSC, which we
consider to provide the reference rankings, particularly when it can sample a sufficient
amount of behavior from the models. The comparison uses the Kendall Tau-b rank cor-
relation coefficient, which is computed based on the relative number of swaps on the
orderings of both rankings. A coefficient of 1 indicates perfect agreement, —1 indicates
perfect disagreement (inverse ranking), and 0 indicates no correlation.

Figure 11 shows the correlation between the rankings produced by the m* measures
and tEMSC. Since tEMSC’s reliability depends on sampling enough behavior, and sam-
pling for some measures timed out, our analysis considers these factors by plotting the
correlation coefficient as a function of tEMSC’s average sampled probability mass in
Fig. 11. Furthermore, since many experiments went out-of-memory, we adjust the size
of the points on the plot to indicate the proportion of successful computations. The cor-
relation coefficient is computed based on the successful computations. Smaller points
represent cases where few entries were used to compute the coefficient, suggesting that
these values are less significant.

The m*-uEMSC and m*-EMSC measures show strong positive correlations with
tEMSC, often exceeding 0.6. This positive correlation is particularly evident when
enough behavior can be sampled and enough computations succeed (larger dots). For
m*EMSC and m4-uEMSC, two points with negative correlation stand out. These cor-
respond to the BPI 2015 (subprocess 8) and BPI 2014 datasets, respectively. For these
specific cases, only 5 and 2 (out of 10) models yielded successful computations, which
indicates that the correlation coefficient is less reliable.

We further evaluate the measures based on their ability to rank different weight esti-
mators according to an expected, albeit idealized, order of conformance. Given a fixed
control-flow model, we generally expect the alignment-based estimator (ABE) to pro-
duce the most conforming stochastic model, followed by the Bill-Clinton estimator
(BCE) if available, and finally the frequency-based estimator (FBE) producing the least
conforming model. It is important to notice that this idealized ordering may not hold in

all situations, as various factors can influence an estimator’s performance.
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Figure 12 visualizes the rankings assigned to the estimators (ABE, BCE, FBE) by each
measure for each of the 74 control-flow models evaluated. In the figure, for each control-
flow model (represented in the Y-axis), we order the estimators according to their rela-
tive rankings from the most to the least conforming.

The results show that tEMSC and the »* measures consistently rank ABE as the best
estimator. Most of these measures assigned ABE the top rank at leat 65 out of 74 cases
(the exception being m*-tEMSC, for which many experiments failed). For the m* meas-
ures, most deviations from the expected ranking occurred with DFM and FM models.
This might be explained by the fact that, for these model types, the ABE and FBE esti-
mators produce very similar abstractions, that only differ in the relative frequency of
their suffixes/prefixes. Consequently, the 7% measures assign very close scores to models
derived using these two estimators. In contrast, the uEMSC measure frequently ranked
BCE or FBE highest, especially for SM and FM models.

Regarding the FBE estimator, while tEMSC and the m* measures generally rank it as
the least conforming, the results are less consistent than for ABE. Notably, there are
control flow models where the measures significantly disagree on the specific ranking
assigned to FBE.

In summary, the experiments on real-world datasets demonstrate that the stochastic
Markovian abstraction helps alleviate issues related to sampling and partial mismatches
of existing stochastic measures. The derived 77X measures were shown to produce model
rankings that are consistent with state-of-the-art techniques and (guarded some limita-
tions) with the expected ranking of estimators. However, for larger values of k, we found
that the 7% measures shared the same limitations as their base measures: m*EMSC
became very slow, and #*-uEMSC less robust to partial mismatches. Therefore, in real-
world settings, users must choose the measure, along with an appropriate value of &, that
best balances speed and reliability for their specific needs.

Stochastic conformance diagnostics

So far, we have only considered the computation of a single number, which allows us to
assess the degree of conformance. However, oftentimes users would like to obtain diag-
nostics on which parts of the process are non-conforming. This section discusses how to
provide diagnostics for the derived m* measures. This can be achieved by comparing the
(finite) stochastic languages of both m*s (similar to the log-log comparison presented in

(EMSC [68/51]  m2-tEMSC [66[55] m3-(EMSC [68[39] m®-EMSC [61149]  uEMSC [4846]  m?-uEMSC [65]52] m3-uEMSC [67/53] m*-uEMSC [66/55]

Ist 2nd 3rd Ist 2nd 3rd 1st 2nd 3rd st 2nd 3rd Ist 2nd 3rd 1st 2nd 3rd Ist 2nd 3rd 1st 2nd 3rd
I ABE W FBE I BCE

Fig. 12 Estimator rankings induced by each measure for each of the 74 control-flow models. White spaces
represent timeouts/out-of-memory. Gray boxes correspond to FM/DFM models with BCE estimator, which
are discarded. Subplots are annotated with the number of times where the measure assigned ABE as the
most conforming estimator and FBE as the least conforming estimator



Goulart Rocha et al. Process Science (2025) 2:13 Page 23 of 33

Leemans et al. (2021)). The results of the subtrace comparison can be projected onto the
event log/the process model to obtain similar log-model diagnostics as in Leemans et al.
(2021). We demonstrate the diagnostics based on the Italian Road Fines event log, which
is compared with its RE-IMf02-ABE stochastic model. The choice of parameter k affects
the quality of the analysis and must be chosen carefully by the user. As an illustrative
example, we consider k = 3. Throughout the analysis, we discuss the effects of varying
this parameter.

Subtrace analysis

The diagnostics method presented in Leemans et al. (2021) consists of projecting the
solution of the optimal transport problem onto both languages using the resulting sto-
chastic trace alignments.® Given a stochastic language /, we obtain an event synchro-
nous-likelihood (Leemans et al. 2021) function Pslync : X* x N — [0, 1] where Pslync(y, i)
returns the likelihood of the i — t& event of trace y € X* synchronizing in the stochastic
trace alignments (the function equals 0 if y ¢ supp(l) and undefined if i > |y|). Function
ngnc can be visualized on top of the language’s trace variants as done in Leemans et al.
(2021). Figure 13 shows snippets of the visualization when applied to the log and the
model’s m> abstractions:

Despite the rigidity of the unit-cost function, it is still possible to derive insights
from the m>-uEMSC projections (Fig. 13a and b). The first thing that stands out in
the visualization is that the moves of some subtraces are assigned a synchronous
move probability of 0.0 such as (Payment, Payment, —) in the log projection and
(Insert Fine Notification, Add Penalty, —) in the model projection. This indicates a
mismatch in the control flow, i.e. subtrace (Payment, Payment, —) is not present in
the model and (Insert Fine Notification, Add Penalty, —) is not present in the log. It
is also possible to identify mismatches in the stochastic perspective. For example, the
subtrace (Create Fine, Payment, —) is identified as the most prominent issue in the
log, i.e. it happens more frequently in the log than the model allows. Similarly, the
sequence (Create Fine, Payment, Send Fine) is identified as the most prominent issue
in the model, i.e. the model prescribes that it should happen more frequently than was
observed in the log.

A similar analysis can be performed for m3-tEMSC measure (Fig. 13c and d),
whereas using the normalized Levenshtein cost function leads to more precise diag-
nostics. For example, we can infer from the log move in (Payment, Payment, —) in
Fig. 13c that Payment should not be executed a second time before finishing. Simi-
larly, we can infer from the model move in (Create Fine, Payment, Send Fine) in
Fig. 13d that Payment is oftentimes skipped between Create Fine and Send Fine.
Some subtraces are more difficult to interpret. For example, the model move on +
in subtrace (+, Create Fine, —) in Fig. 13d indicates that the subtrace is aligned to
other subtraces where Create Fine is not the first activity. However, in the event log,
all traces begin with Create Fine. This discrepancy suggests that traces in the model

© Notice that the work in Leemans et al. (2021) does not explicitly discuss a diagnostics method tailored for the uEMSC
measure. Nevertheless, it is possible to extrapolate the diagnostic method presented for the tEMSC measure to the
uEMSC measure by considering the alignment between mismatching traces to be the “trivial alignment” that contains
no synchronous moves.
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Fig. 13 Subtrace analysis for m3-EMSC measures for the RF-IMf02-ABE dataset. Subtraces are annotated on
the left with their absolute contribution to non-conformance. Red displays the probability that an event in
the subtrace does not synchronize

might actually be shorter, causing the start marker (+) to appear relatively more fre-
quently in the model.

In summary, we show how the subtrace analysis can provide diagnostics on the nature
of the deviations. As k increases, the abstractions converges to the log/model’s stochastic
languages and the analysis becomes similar to Leemans et al. (2021), including the same
runtime and robustness issues. For low values of k, the subtraces’ short context window
might limit the insights to be gained. In the next section, we show how to contextualize
the deviations by projecting the subtraces onto the log/model.

Log and model projections

Given an event log and a process model, we want to compute functions Psyyc (0, i) and
Pyyyc(2) indicating respectively the probability of an event/a transition in the log/model
synchronizing. This can be computed by projecting the synchronization probabilities of
subtrace activities (“Subtrace analysis” section) to events/transitions in the log/model
that contribute to the subtrace. The definitions below formalize this concept:

Definition 15 (X Log Projection) Let ¥ be an alphabet, [ : £* — [0, 1] be a stochastic
%

language, k > 2. Let P:;i,c : ¥ x N — [0, 1] be m;’s event synchronous-likelihood (Lee-
mans et al. 2021). Then:
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taining event o [#].

Definition 15 adds up the synchronous probability of all subtraces y contain-
ing event o[n], weighted by mf‘(y). Notice that as kK — oo, then I’y , = {(1,|o])} and
Pslym(a,n) = P:;iklc(a,n); ie. as mé‘ approaches /, then Definition 15 converges to the
subtrace projection. For the model projection, we first assume that the Petri net is
uniquely-labeled.

Definition 16 (7 Model Projection for Uniquely-Labeled Models) Let X be an alpha-
bet, SN = (P, T,F, %, 1, My, w) a bounded livelock-free SLPN. Let SN be uniquely-
labeled, i.e. 271 is defined for visible transitions. And let [ : ©* — [0, 1] be its generated

k
stochastic language. Let k > 2, and Pg,li,c : 2* x N — [0,1]. Then:
_ I )
Zyesupp(m;() (Wl?()/) Zlgif\ﬂ l{t} (4 1(]/ [l]))Psytl'tc(V, l))

Pslync (0 =
5 csupponty (M50 Licicyy L G101 )

Definition 16 averages the synchronization likelihood of each transition, weighted by
how often each transition happens in the abstraction. If SN is not uniquely labeled, the
numerator must be adjusted to consider the relative likelihood of all subpaths p that con-
tribute to subtrace y.

Figure 14 shows the log and model projections for the m>-uEMSC (Fig. 14a and c)
and m3-tEMSC measures (Fig. 14b and d). The first thing to notice is that both meas-
ures agree on the regions of the log responsible for the deviations. As expected, the 3
-tEMSC projection offers more localized diagnostics, while the 73-uEMSC projection
spreads the diagnostics over a larger region. Both diagnostics hint at mismatches in
the stochastic perspective. When examining the deviation for the most frequent trace,
we see that Send for Credit Collection has a particularly high occurence of log moves,
indicating that fines should be sent for credit collection less frequently after a penalty is
added. In comparison, the 2nd and 3rd traces present a high occurrence of log moves in
the end marker (—), which indicates that the model expects further activities after Pay-
ment and Send Fine.

For the model projections, we cannot derive as many insights. The #>-uEMSC model
projection (Fig. 14c) colors almost all transitions with the darkest shade of red, indicat-
ing total non-conformance. We believe that this can be attributed to the model being
imprecise from a control-flow perspective. Essentially, the model contains too many
subtraces that are not present in the log (this can also be observed in Fig. 13b), which
skews the analysis. Therefore, the model projection cannot be used to diagnose stochas-
tic deviations in this situation and one must first adjust the model’s control flow to make

it more precise.
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In contrast, the m>-tEMSC model projection (Fig. 14d) is more robust to mis-
matches and is able to highlight the regions of the model responsible for the devia-
tions. One can see that activities Appeal to Judge, Insert Date Appeal to Prefecture, and
Notify Result Appeal to Offender have a high rate of model moves. However, without
inspecting the corresponding alignments, it is not possible to conclude whether this is
caused by control-flow deviations or mismatches in the stochastic behavior.

In summary, this section shows how to derive stochastic conformance diagnostics
using subtrace analysis and log/model projection. Although our analysis is limited to
the m*-uEMSC and m*-tEMSC measures, we believe that a similar approach to pig-

gybacking on the diagnostic technique of the original measure can be used to provide
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Fig. 14 Log and model projections for m*-EMSC measures for the RF_IMf02_ABE dataset. Traces are
annotated on the left with their probabilities. Petri net transitions are annotated with their weights. For the
log and model projections, red displays the intensity of non-conformance (fully red means Psync = 0)
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diagnostics for other derived measures such as (Leemans and Polyvyanyy 2023; Alkham-
mash et al. 2022; Li et al. 2024).

Related work

In process mining, a wide range of non-stochastic conformance measures has been
introduced (Adriansyah et al. 2011; Augusto et al. 2022; Leemans et al. 2016). This work
builds upon the Markovian-based abstraction first presented in Augusto et al. (2022)
and later redefined in Goulart Rocha and van der Aalst (2023). The original motivation
for extending it to the stochastic perspective was to address the issue of vanishing pre-
cision observed in Goulart Rocha and van der Aalst (2023) as k increases. As shown in
the “Quantitative evaluation” section, this might still happen for m*-uEMSC, albeit in a
more attenuated form, and is now linked to partial mismatches in the subtraces.

This same abstraction has also been informally introduced in other works. In Chapela-
Campa et al. (2023), the abstraction is used to measure the quality of simulation models.
The abstractions are compared using the unit-cost Earth Mover’s distance. In Burke et al.
(2024), sets of subtraces are compared using the Gower’s similarity. Both works rely on sam-
pling traces from the process model. Our work differs in that we provide a formal definition
of the abstraction, discuss its properties, and most importantly present an exact computa-
tion for stochastic languages with infinite support, as commonly the case in process mining.

Projecting on smaller subsets of activities is a common approach in process mining to
deal with partial mismatches. In Brockhoff et al. (2024), an approach for event log com-
parison based on activity projection is introduced. It differs from the Markovian abstrac-
tion in that it considers non-consecutive sequences of activities, which is a similar idea
as introduced in Leemans et al. (2016). Activity projections are naturally better at cap-
turing violations in long-term dependencies. It is an interesting line of future work to
adapt the method from Leemans et al. (2016) to a stochastic setting.

As far as we are aware, the EMSC measure (Leemans et al. 2021) was the first con-
formance checking technique to consider stochastic process models. Later, an exact
method to compute it for the unit-cost distance by exploiting the link between SLPNs
and absorbing Markov chains was presented in Leemans et al. (2024b). In Brockhoff
et al. (2020), the EMSC measure is extended to consider the time perspective in the task
of concept-drift detection.

Multiple stochastic conformance measures are based on the notion of entropy (Lee-
mans and Polyvyanyy 2023; Alkhammash et al. 2022; Li et al. 2024). In Leemans and
Polyvyanyy (2023), stochastic precision and recall measures based on the notion of pro-
jection and gain entropy are introduced. While the authors show that these measures
satisfy a series of quality axioms, they suffer from two main drawbacks: first, the meas-
ures are not robust to partial mismatches between both languages. Second, they can only
be computed for stochastic deterministic regular languages. Also, the projection preci-
sion and recall do not properly consider the stochastic information of both artifacts. If
the log and model share the same support language, then the projection entropy (Lee-
mans and Polyvyanyy 2023) returns fitness and precision of 1, even if their probability
distributions differ. The entropic relevant (Alkhammash et al. 2022) is another entropy-
based conformance measure. In essence, it measures the expected number of bits
needed to encode the log using the model. The closer the log and model’s distributions,
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the lower the description. However, the entropic relevance measure does not consider
model traces that are not in the log. Recent work proposed using the Jensen-Shannon Li
et al. (2024) measure for stochastic conformance checking. The measure uses the aver-
age language between two stochastic languages and thus successfully considers both
object’s perspectives. However, the measure is also not robust to partial mismatches and
requires sampling for model-model comparisons.

Last, probabilistic trace alignments have been proposed in Bergami et al. (2021) as
an extension to traditional trace alignments that balances the probability of an align-
ment and its cost. The method returns the most likely traces within a neighborhood of
the investigated trace. By design, this technique is robust to partial mismatches. How-
ever, it requires sampling the underlying process model, a procedure that, as previously
discussed, does not scale with increasing model complexity. Moreover, the technique
focuses on generating conformance diagnostics, and no conformance measure based on
probabilistic alignments is proposed.

Finally, there exist methods to compute substring probabilities given a stochastic
regular (Fred 2000) or context-free (Corazza et al. 1992) grammar. In comparison, we
provide a method for computing substring probabilities from an SNFA. We believe it
is possible to convert the t-free SNFA into a stochastic regular grammar and use the
method in Fred (2000) to extract the subtraces. The method in Fred (2000) might be
more efficient for very dense SNFAs, while our method is expected to be more efficient
for sparse SNFAs.

Conclusions, discussion and future work

This work extends (Rocha et al. 2024) by evaluating the expressive power of Markovian
abstraction, introducing and evaluating new derived measures (m*-tEMSC), and pre-
senting conformance diagnostics methods based on this abstraction. The experiments
in the “Quantitative evaluation” section demonstrate that the abstraction can suitably
approximate classes of stochastic process models commonly used in process mining. For
event logs, the abstraction may not always be suitable due to long-term dependencies.
Nevertheless, when used to measure the conformance between two objects and generate
diagnostics, the abstraction mitigates robustness and scalability issues in existing meas-
ures while still producing model rankings that align with a reference measure.

The “Stochastic conformance diagnostics” section demonstrates how the proposed
abstraction can be combined with existing stochastic conformance diagnostics methods,
either directly through subtrace comparison (“Subtrace analysis” section), or indirectly
via log/model projections (“Log and model projections” section). A key limitation is that
interpreting the resulting diagnostics requires in-depth understanding of the underly-
ing conformance checking technique. This limitation is inherited from the base tech-
nique (Leemans et al. (2021)) and is not exacerbated by using the abstraction. This issue
reflects a broader challenge of understandability present in state-of-the-art conformance
diagnostics methods. It is an interesting direction of future research to develop newer,
more easily understandable methods. However, this is not so simple since in stochas-
tic conformance checking, one must not only consider the non-determinism of replay
methods (e.g., trace alignments) but also the non-locality of the firing rule of SLPNs,
which inevitably complicates the interpretation of results.
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Threats to validity

The process models considered in the “Quantitative evaluation” section do not contain
long-term dependencies. This affects the generalizability of the results to broader classes
of models because the Markovian abstraction is vulnerable to long-term dependencies.
Our experiments were limited by a lack of process discovery methods that can gener-
ate such models as they are not as widely studied in process mining. State-of-the-art
control-flow discovery methods that produce long-term dependency models often pro-
duced unsound or unrealistically complex models, or do not scale for large event logs.

In the “Real-world datasets” section, the derived measures are validated based on how
their induced model rankings compare with a reference measure. Nevertheless, this
test might not be challenging enough, since even seemingly trivial measures such as the
uEMSC seem to pass it. Therefore, we also included a controlled experiment (“Synthetic
datasets” section) to investigate whether the derived measures match one’s intuition of a

“ ”
‘good” measure.

Future work

In future work, we would like to refine the diagnostic techniques presented in the
“Stochastic conformance diagnostics” section to better suit the stochastic Markovian
abstraction. One approach is to develop adaptive values of k to mitigate the imprecision
of the m*-uEMSC diagnostics. If we can identify a deviation in shorter subtraces, then
we do not need to consider deviations in longer subtraces containing them. This might
also help improve the usability of the technique. With an adaptive method, users can set
the parameter & to be as high as their runtime budget allows. Another promising direc-
tion is to separate the control flow and pure stochastic diagnostics. Control flow devia-
tions can be effectively analyzed using non-stochastic techniques. Therefore, stochastic
conformance diagnostics should focus on issues related to the stochastic perspective.

On the theoretical side, we aim to expand the class of models for which this abstrac-
tion can be computed, which may lead to new insights into stochastic conformance
checking methods. Additionally, we plan to investigate efficient computation tech-
niques for restricted classes of models, such as stochastic process trees (Burke et al.
2024) and Petri nets without silent loops (Bergami et al. 2021).

Last, there is potential for cross-fertilization with fields that have also studied
n-gram models such as natural language processing and pattern recognition. For
instance, smoothing techniques (Ney et al. 1994; Brants et al. 2007) may inspire the
development of adaptive values of k. However, we notice that stochastic conformance
checking focuses on language comparison and diagnostics, which differs from tradi-

tional language modeling tasks.

Appendix A Proofs of Lemmata 1 and 2

Lemma 1 (Computing flk of a Stochastic Regular Language ) Let . be an alphabet,
N = (Q, %, 8, g0, py) be a trimmed, consistent t-free SNFA generating the stochastic lan-
guagel : ¥* — [0,1], and k > 2. Let N = (Q, >4, 5, q+,21f) be N's patched SNFA gener-
ating language 1. For y € supp(flk ), it holds that:
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ffoy=> "xiql-é(vi)

q€Q

(7)

Where X = [xg4, Xq, -+ %4_] is the solution to the equation x(I — A) =[10---0] (A is

N’s transition matrix) and qg(y ) =>" S (7)) is the probability of gener-

7y €04 (@), A(my)=y
ating the sequence y starting from state q in N.

Proof We first prove that flk(y) = Za,ﬁ@:; Py (ayB) fory € supp(f/‘). From Defini-
tion 12, flk(y) =) e l(o)Mg (y). We distinguish between two cases:

Case 1 (y| < k) In this case, M(’§ (y) =0, unless y = +0 —, in which case M’; (y)y=1
Thus flk(y) = Pg (). Furthermore, |y| < k implies +, — in y. Thus, Py (ayB) = 0 for
a,B# ()= Dgpes: Pylayp) =Py ()

Case 2 (yl=k) Define the boundary-affixes set
As(y) ={(o, B) | «, B € T}, 40— = ayB} which defines all prefixes/suffices in o asso-
ciated to each occurrence of y in 0. Therefore, M(’§ (y) = |As (y)]. Therefore:

o= oMo =>" Y Pytoo)= Y Pylrp)

oex* geX* a,feAq (v) o,peT]

(To check the last step, expand A, (y) and reorganize the terms).

Now, we show that Za,ﬁezi s (ayB) = Zq’eé Xg - (i(y|q’). First, observe that since
N is t-free, then every path my, g with A(m4y8) = ayp can be uniquely divided into

subpaths .5 = momymgand A(ny) = o, A(m,) = y, and A(7g) = B. Therefore:

> Pylayp) = > Py (mamy 1)
a,BeTi Ty g € O (qy) (8)
)v(ny) =V

The right side of Eq. 8 computes the sum of the probabilities of all passes over all
subpaths labeled y in the set of all accepting paths of N. Now, we rewrite the term as:

- > 8(rtamy,) > Py (mp) ©)
TaTty € Of(q+) g € @N(tgt(nany))
)»(7'[),) =VY

tgt(mq iy ) is useful, therefore Znﬁe@)ﬁ(tgt(nany)) Py (mg) = 1, s0:

- Z S(nany) = Z 8(my) - Z S(”V)

Tamy, € O (q+) Ta €O (q+) Ty, € O (tgt(my))
Mmy) =y Mry) =y
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=3 Y (e duin) (1)

qeé o €O (G+-q)

Now define Y (qi,qgj,n) = Zne@,;,(qf,qj,n) S(). Then
a0 (qrq) O Ta) = >0 o ¥ (g+,q, n). The following relation holds:

i) (q)) n=0
‘ﬁ(%’»ﬂlj,n) = { queé w(qi,qk,n _ I)A[k,]] >0

In matrix form,
S Vgt gn) =T+ A+ A+, .=~ A)gs,q] = x[q] (Grinstead and
Snell (2003)). O

Lemma 2 (A Necessary and Sufficient Condition for Well-Defined flk) Given a sto-
chastic language | : ¥* — [0, 1]. Then for any k > 2

) <ooVy e vif = Z l(o)|o] < o0

oex*

(12)

Proof We first show that |o|/k < |S§| <|o|+1 for every k by using induction
on |o|. The induction’s base-case (jo| < k) can be easily verified. For every o € X%,
lol >k, Sk={c'"Kpwsk, . So [SK|=1+1sk_,1=1+2 > ol/k and
IS5 =1+185 | <1+ (1027 Fl + 1) <1+ (o] =D+ 1) =1+ol

(=) Since Eik is finite, then flk(y) < oo Vy implies Zyeszflk(y) < 00. Furthermore,
from Definition 11, observe that supp(Mf,‘) C Eik. Then:

o= > <1(a> > Mii(y)) =Y o) Y. M) | = Y 1o)mk| <
yeZ‘ik yeEik oex* oex* yeiik gex*

(the sums can be swapped since the sum is finite). Since |M§| = |S_’;U_| > ‘ik', then:

Z 1(013|0| <00 = Z l(o)]|o| < 00

oex* oex*

(<) From|SX| < |o| + it follows |MX| =[Sk, _| < |o| + 3. Thus:

M = 3 M) = 3 [0)(o] +3)
oex* oex*
= > lo)o|+3- > llo)= > lo)|o|+3
oex* oex* oex*

Which is < 00if Y 5« l(0)|o| < 00. O]
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