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Abstract. Reachability is a central decision problem in Petri net theory deciding
whether a given marking can be reached from the initial marking. Sub-marking
reachability (the covering problem) asks whether there is a reachable marking,
which consists of at least the tokens in the given marking. The current state of
the art describes the computational complexity of both problems as polynomial
for live and bounded free-choice nets as well as for sound free-choice workflow
nets. This paper refines this complexity on the class of sound acyclic (simple)
free-choice workflow nets to O(P? + T?). The presented approach uses three
new concepts: admissibility, maximum admissibility, and diverging transitions.
Admissibility requires that all places in a given marking are pairwise concurrent.
Maximum admissibility states that adding a place to an admissible marking would
make it inadmissible. A diverging transition is a transition which originally “pro-
duces” the concurrent tokens that lead to a given marking. All three concepts can
additionally provide explanations why a (sub-)marking is not reachable.

Keywords: Workflow Nets - Reachability - Covering problem - Soundness - Free-
choice

1 Introduction

A central problem in Petri net theory is reachability: deciding if a given marking can
be reached from the initial marking. Reachability of a given marking is crucial to show
whether a given system, which shall be analyzed, fulfills a given property, or not. Such
properties can be, for example, the absence of deadlocks, livelocks, or undesired states
during conformance checking. As it forms the basis of many verification approaches,
deciding reachability and deciding it computationally effective is important. The gen-
eral reachability problem for Petri nets falls within the NONELEMENTARY complexity
class [7]. Cheng et al. [4] gives a PSPACE complexity class for general safe nets. Es-
parza [|11]] stated that the reachability problem in safe and live free-choice nets can
be reduced to the CNF-SAT problem; thus, deciding reachability for this class is NP-
complete. However, Desel and Esparza [8]] already showed earlier that reachability in
cyclic free-choice nets, a restricted subclass of live and bounded free-choice nets where
the initial marking is a home marking, can be decided in polynomial time. Regarding
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Fig. 1. A sound acyclic free-choice workflow net.

sound extended free-choice workflow nets, Yamaguchi [22]] confirms a polynomial time
complexity of deciding reachability, but the concrete polynomial is unknown.

In this paper, we show that reachability for sound acyclic (simple) free-choice work-
flow nets can be solved in quadratic time, O(P? +T?). We further show that sub-marking
reachability [12]] (the covering problem, i.e., if a partial marking is reachable) can be
solved in the same computational complexity.

Figure|[I]shows an example of a sound acyclic free-choice workflow net. A question
could be: Is a marking reachable in which p9, p12, and p16 have tokens? To answer
such questions, instead of focusing on concrete occurrence sequences (traces) to the
desired marking, the presented algorithm demonstrates that most decisions on whether a
marking is reachable can be decided by concurrency. Thereby, we introduce the concept
of admissible and maximum admissible markings. A marking M is admissible if all pairs
of marked places are in a concurrency relation. M is further maximum admissible if it is
not possible to add a further token to the marking without destroying admissibility. We
show that each reachable marking in a sound acyclic free-choice workflow net must be
maximum admissible and that neither computing the concurrency relation [|14}/19] nor
checking maximality requires knowledge of concrete occurrence sequences.

Although maximum admissibility is a necessary condition and good heuristics of
deciding reachability, it is unfortunately not sufficient. There are nets with markings
that are maximum admissible but not reachable. For this reason, we argue that concur-
rency is always introduced by diverging transitions. This manifests in occurrence nets of
sound acyclic free-choice workflow nets as subgraphs which only diverge in transitions.
Hence, the identification of these diverging transitions implies the existence of an oc-
currence net that leads to the (maximum) admissible marking. For this reason, deciding
reachability can be achieved by checking the given marking for maximum admissibil-
ity and determining whether a diverging transition exists that leads to the marking —
examining concrete occurrence sequences is not necessary. Similarly, a sub-marking is
reachable if the marking is just admissible and there is such a diverging transition. The
overall approach has a quadratic computational complexity in the worst case. As a fur-
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ther benefit, the approach can also explain why a marking is not reachable rather than
just deciding reachability.

Of course, this paper examines a quite limited class of Petri nets regarding (sub-
marking) reachability. There are two main reasons why investigating this class of nets
is still important: (1) Industrial business process models strongly correlate with free-
choice workflow nets [13]]. Soundness is seen as an important quality criterion [[10] of
process models and can be checked in cubical computational time complexity with de-
tailed diagnostic information [[18]]. Finally, many industrial process models are acyclic.
For this reason, for an industrial setting, sound acyclic free-choice workflow nets are
an interesting class of nets. (2) There is an interesting trend investigating free-choice
nets with a home cluster [3|], which showed that this class of nets correlates strongly
with perpetual nets finally correlating with sound free-choice workflow nets. Mapping
the new method of loop decomposition for industrial workflow graphs [[17419] to free-
choice workflow nets should eventually fill the gap to investigate the class of free-choice
nets with a home cluster with the class of sound acyclic free-choice workflow nets. For
this reason, this paper can be interpreted as a further step to achieve a low computational
polynomial time complexity to decide (sub-marking) reachability while providing di-
agnostic information at the same moment.

The remainder of this paper is structured as follows: Section [2] introduces basic
concepts of Petri nets, markings, reachability, paths, and soundness. Maximum admis-
sible markings and their application are discussed in Section [3] which are then used
in Section [4] to finally decide reachability in sound acyclic free-choice workflow nets.
Eventually, Section 5] concludes this paper.

2 Preliminaries

This paper uses standard notions for Petri nets, which are provided in the following. We
also recall the Path-to-End Theorem for simple free-choice nets.

2.1 Multisets, Petri Nets, and Paths

H(A) is the set of all multisets over some set A. For a multiset b € #(A), b(a) denotes
the number of times element @ € A appears in b. For example, by = [ | = &, by =
[x,x,y], b3 = [x,y,2], bs = [x,x,y,x,,z], and bs = [x?,y?,7] are multisets over the set
A = {x,y,z}. b is the empty multiset, b, and bz consist of three elements, and by = bs,
i.e., the ordering of elements is irrelevant and bs uses a more compact notation for
repeating elements. The standard set operators can be extended to multisets, e. g., x € by,
by w by = by, bs\bz = b3, etc.

Definition 1 (Petri Nets). A Petri net (or simply a net) N is a triple (P,T,F) with P
and T are finite, disjoint sets of places and transitions, and F < (P x T) u (T x P) is
the flow relation.

a

P UT can be interpreted as nodes and F' as edges between those nodes. Forxe PuT,
ox = {p|(p,x) € F} is the preset of x (all directly preceding nodes) and xe := {s|
(x,s) € F} is the postset of x (all directly succeeding nodes). Each node in ex is an input
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of x and each node in xe is an output of x. The preset and postset of a set of nodes
X CPuT is defined as oX := | J,.y ox and Xe := | J .y xe, respectively. N is proper
iff VieT: ot = (S Ate = (J. N is (extended) free-choice iff Vt|,tp € T: ot) N oty +
& = et] = oty. N is simple free-choice iff Vp € P: |pe| =2 = e(pe) = {p},i.c.,
Vi, to €T : ot Moty =f= g = {p} = of] = oty [9].

Without loss of generality, this paper focuses on simple free-choice nets as Murata
[l15]] presents a linear time transformation algorithm of extended to simple and simple
to extended free-choice nets.

A path (ni,...,ny) is a sequence of nodes ny,...,n, € P U T with m > 1 and
Vie{l,...,m—1}: n; € en; 1. Note that places and transitions alternate on paths.
[(n1,...,nm)] depicts the set of all nodes on the path. If all nodes of a path are pairwise
different, the path is acyclic; otherwise, it is cyclic. Paths(x,y) denotes the set of all
paths between nodes x and y, where x,y € PU T. N is acyclic if all its paths are acyclic.
In the nets shown here, circles represent places, rectangles transitions, and directed
edges represent flows as done in Fig. [I]

Definition 2 (Workflow Nets, FC-WF-Nets, and AFC-WF-Nets). A workflow net
N = (P,T,F,i,o0) is a net (P,T,F) with i,0 € P, i = 0e = (. i is the source and o is
the sink of N. All nodes are on a path from i to o. If N is (simple) free-choice, then N is
called a FC-WF-net. If N is acyclic (simple) free-choice, N is called an AFC-WF-net.

This paper focuses on AFC-WF-nets.

2.2 Markings, Reachability, Properties, and Soundness

The behavior of nets is defined via markings, which describe the number of fokens on
places in a specific state.

Definition 3 (Marking). A marking M of a net N = (P,T,F) is a multiset of places,
M e B(P). (N,M) is a marked net. (M) := {x € M} depicts the set of places of M.

a

Transitions whose input places all have tokens are enabled in a marking and can be
fired, leading to the net’s semantics:

Definition 4 (Enabledness, Firing, and Reachability). Ler (N,M) be a marked net
N = (P,T,F). A transition t € T is enabled in M, denoted as (N,M)[t), iff every place
ot contains at least one token in M, ot € M. en(N,M) :={t € T | (N,M)[t)} is the set of
enabled transitions in (N,M).

If t is enabled in M, then t may fire, which removes one token from each of t’s input
places and adds one token to each of t’s output places. M’ = (M\ot) w te is the marking
resulting from firing t in (N,M). (N,M)[t)(N,M’) denotes that t is enabled in (N,M)
and firing t would result in (N,M’).

A sequence 6 ={t1,h,...,t,y € T* n > 1, is an occurrence sequence if there are
markings My, My, ... .M, such that V1 < i< n: (N,M;)[t;)(N,M;1). For applying
such a sequence 6, we write (N,M;)[0)(N,My+1). We say that t),1,. .. ,t, occur in ©.

A marking M’ is reachable from M if there is an occurrence sequence & such that
(N,M)[o)(N,M"). RIN,M) == {M’ € B(P)|JoceT*: (N,M)[c)(N,M')} denotes the
set of all reachable markings of (N,M).
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If N = (P,T,F,i,0) is a workflow net, [i] is its initial marking and [o] is its final
marking.

a

Next, we list some behavioral properties important for analysis:

Definition 5 (Live, Bounded, Safe, and Dead). Ler (N,M) be a marked net N =
(P, T,F). (N,M) is live iff for every reachable marking M' € R(N,M) and for every
transition t € T, there is a reachable marking M" € R(N,M'"), which enables t. (N,M)
is k-bounded iff for every reachable marking M' € R(N,M) and for every place p €
P: M'(p) < k. (N,M) is bounded iff there is a k such that (N,M) is k-bounded. (N,M)
is safe iff (N,M) is 1-bounded.

A place p € Pis dead in (N,M) iff VM’ € R(N,M): M'(p) =0. A transitiont € T is
dead in (N, M) iff YM' € R(N,M): t ¢ en(N,M").

a

Workflow nets can be sound [1]]:

Definition 6 (Soundness). A workflow net N = (P,T,F,i,o0) with its initial marking [i]
and its final marking [0] is sound iff

(1) VM e R(N,[i]): [o] € R(N,M),
(2) VM eR(N,[i]): (ceM = M =0]), and
(3) there is no dead transition in N: Nt € T IM, M’ € R(N, [i]): (N,M)[t)(N,M").

An equivalent definition of soundness is that the marked short-circuited net (N',[i]) of
N, where N' is defined as

(BT u{t}, F (o), (ti)})
for a transition t ¢ T, is live and bounded |[|1)].
Sound free-choice workflow nets are further safe:
Lemma 1 (Safeness). Sound free-choice workflow nets are safe.
Proof (Lemma E]) See Verbeek et al. [21]]. o

Sound simple free-choice workflow nets ensure that each path from an arbitrary
place to the sink place o contains at most one token [[19]:

Theorem 1 (Path-to-End Theorem). Let W = (P,T,F,i,0) be a simple FC-WF-net. It
holds: On all paths p from any place p to o in any reachable marking M € R(W,[i]),
the sum of all tokens on all places of p is at most 1, i. e.,

VpeP Yp e Paths(p,0) YM € RWW,[i]): |[p] " M| < 1.

Proof (Theoreml[l). See Theorem 2 in Prinz et al. [19].
Note that this is a special case of Lemma 5.11 in Van der Aalst [2]. o
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3 (Maximum) Admissible Markings

In the following, we describe, argue, and prove why reachability and concurrency
strongly interact in sound AFC-WF-nets. We will show that a given marking can only
be reachable if all its places are pairwise concurrent. Two places are concurrent if there
is a reachable marking with tokens on both places:

Definition 7 (Concurrency). Let N = (P, T, F,i,0) be a sound AFC-WF-net. Two places
x,y € P are concurrent in N, denoted x || y, iff IM| € R(N, [i]): [x,y] € M. ||(x) :={y e
P|x || y} denotes the set of all places to which x is concurrent. Due to safeness of sound
AFC-WF-nets, a place x is not concurrent to itself.

a

For example, in Fig.[1} p9 || p10 and p5 || p12 as well as ||(p15) = {p6}.
Sound AFC-WF-nets have benefits regarding their complexity during analysis. One
of them is that two concurrent places must not have a path between them:

Lemma 2. LetN = (P,T,F,i,o) be a sound AFC-WF-net with two places x,y € P, x & y.

x|y = Paths(x,y) = A Paths(y,x) = &

a

Proof (Lemma[2). See Prinz et al. [19] (Cor. 4). The interested reader can also use the
Path-to-End Theorem[I]to confirm the path absence of concurrent nodes. o

The interested reader can check that, e. g., p9 in Fig. [I| has no path to p10 and vice
versa.

By Lemma sound AFC-WF-nets are safe. For this reason, all concurrent places x
and y, x || y, must be joined by a transition on all pairs of paths from x and y to o:

Lemma 3 (Two Concurrent Places are Joined by Transitions). Let N = (P, T, F,i,0)
be a sound AFC-WF-net. Furthermore, let x,y € P. It holds:

x|y
—
VP = (x1,...,%,,0) € Paths(x,0),n > 1
Yoy =(1,--.,Ym,0) € Paths(y,0),m > 1
Jie{l,...,n}3je{l,...,m}:
{xioxib oy = =l eT .

Proof (Lemma [3)). Constructive proof. Let x,y € P with x || y. By Definition [7 of con-
currency and from x || y, it follows that 3M € R(N, [i]): [x,y] € M. By Lemmal[l] N is
safe and, thus, x & y.

By Definition [2| of workflow nets, there are at least two paths p, = (x1,...,%,,0) €
Paths(x,0) and py = (y1,...,Ym,0) € Paths(y,0) from x = x| and y =y to the sink o,
respectively. It follows also: [px] N [py] & &. Therefore, p, and py, must have a first
common node x; = y; with x; € [px] n [py] and {x1,...,x; 1} " {y1,...,yj—1} = & and
ie{l,...,n}, je{l,...,m}.
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Fig. 2. In sound extended free-choice workflow nets, Lemma [3|does not hold without modifica-
tions as p6 is not a joining transition.

According to the proof of the Path-to-End Theorem [I]in Prinz et al. [19], p. 136,
Eq. (4), it holds for each transition on a path p to the sink o in a sound (simple) AFC-
WF-net because of simple free-choiceness:

vie(plaT): letnlpll=1 A lrenlpll>1

For this reason, removing a token from p, or p, starting from M, respectively, can
only be achieved by a place p with |pe| > 2 (a decision). Since N is simple free-choice,
o(pe) = {p}, any output transition of such p can be fired in each reachable marking M’ €
R(N,M), p e M' — thus, also output transitions on py (pe N [py]) and py (pe N [py]).
As a consequence, we can treat the tokens on both paths p, and p, starting from x and
¥, respectively, to “remain” on p, and py, i.e., if a transition #, on p, fires, it puts a
token back on p,, and if a transition #, on py fires, it puts a token back on py. Since
N is sound, this treatment of tokens to “remain” on p, and p, cannot lead to a dead
transition. Furthermore, since x || y and Lemma there is no path from x to y and from
y to x, i. e., no token can get from x to y and vice versa.
Now, there are two possibilities for the first common node x; = y;:

x; € P: Without loss of generality, once the token of p, “reaches” x; before the token of
py in a reachable marking M’ € R(N, M), then in M’ are at least two tokens on path
Py to o. This contradicts the Path-to-End Theorem 4 Therefore, x; ¢ P.

x; € T: This is the only remaining possibility. v’

Both cases state that all pairs of paths p, and p, have a transition as a first common
node. For this reason, this lemma holds. o

Fig. 2] shows an example of a sound extended free-choice workflow net, for which
Lemma E] does not hold. However, since this paper focuses on simple free-choiceness,
such cases are not possible as 4 and ¢5 would be merged into a single transition.

The concurrency relation is symmetric by definition. The relationship is crucial for
checking reachability since all places in a reachable marking must be in a concurrency
relation by Definition [/} We call a marking where all places are pairwise concurrent
admissible:

Definition 8 (Admissible Markings). Let N be a sound AFC-WF-net. A marking M, €
2B (P) is admissible if all different places in M, are pairwise concurrent:

Vx,yePx$y: [x,y]SMy = x|y



8 T. M. Prinz et al.

Each marking containing a single place is admissible. Following from Definition
admissibility of a marking is a necessary condition for its (sub-marking) reachability.
If a marking is not admissible, we can quickly decline its reachability. In addition,
admissibility of markings limits the “size” of reachable markings by the concurrency
relation. There must be maximum admissible markings:

Definition 9 (Maximum Admissible Markings). Let N = (P,T,F,i,0) be a sound
AFC-WF-net. A marking M € 2 (P) is maximum admissible iff

1. Yx,yeM,x = y: x|y (M is admissible) and
2. Myem ||(x) = & (adding places of P\{M) to M would make M inadmissible).

a

A marking M composed of concurrent places can only be not reachable by Defini-
tion B] for three reasons: (1) M contains not enough places, (2) M contains too much
places, or (3) M has a “correct” number of places but all places cannot be concurrent
at the same time. Fortunately, we can show that each reachable marking in a sound
AFC-WF-net is maximum admissible, 1. e., removes reasons (1) and (2):

Theorem 2 (Reachable Markings are Maximum Admissible). Let N be a sound
AFC-WF-net. All reachable markings M, from the initial marking [i| are maximum ad-
missible.

a

Proof (Theorem [2)). Let N = (P, T,F,i,0) be a sound AFC-WF-net. Furthermore, let
M, =[p1,...,pm]. m = 1, be a reachable marking M, € R(N, [i]). The proof is done by
contradiction: M, is not maximum admissible. As M, is admissible by Definition [8| but
M, is not maximum admissible, by Definition 9] there must be a place p € (P\M,) not
in M, being concurrent to all places in M,:

dpe (P\M,)Vp' eM,: p' | p ¢))

Let p be such a place in the following.

For each p; € M,, 1 < i < m, there is a path p; € Paths(p;,0) to the sink o by Def.
of workflow nets. In addition, let p, € Paths(p,0) be a path to o, which contains p by
Def. @ By TheoremE], for each p; there is exact one token p; on p; in M, (p; is safe).
There are exactly two cases for p,:

Case 1: 3p’ € ([pp] N P): p’ € M, (there is a token on p,, in M,). Thus, there is a path
from p to p’, Paths(p,p’) + &. Since p || p’ by (I), this contradicts Lemma 2] that
concurrency requires the absence of paths. 4 This case does not hold.

Case2: Vp'e ([pp] N P) : p' ¢ M, (there is no token on p, in M,). The entire situation
is abstractly illustrated in Fig. 3] By Lemma[3] all such two paths p, and py, py, py €
{p1,---,Pm:Pp}, Px F Py, contain a transition ¢ with at least two input places in, €
([px] N o) and iny, € ([py] N ot), in, + iny; even for p, with any other path p;,
1 < i < m. For the moment, we say px and p, “converge” in ¢. By this case, p,
is without any token in M,, i.e., the transition(s) #1,...,4y,, in which p, converges
with any of the other paths p;, 1 <i < m, are dead when the token(s) on those paths
reach any of 71,...,# in a marking M’ € R(N,M,). This contradicts Definition E] of
soundness. 4 This case does not hold.
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Fig. 3. For each p; with a token in M,, there is a path p; to the sink o.

Since both cases do not hold, the contradiction does not hold. For this reason, the theo-
rem holds that each reachable marking is maximum admissible. o

For example, the marking [p9, p10] in Fig. [1]is nor maximum admissible since p9
and p10 have p3, p17, etc. as common concurrent places. The marking [p3, p5] is not
maximum admissible because it is not admissible at all: p3 }f p5. However, the marking
[p5,p12, p14] is maximum admissible as all places, to which p12 is concurrent (e. g.,
P9, pl1, p18, etc.), are not concurrent to pS and p14.

It follows for checking if a marking is reachable in a sound AFC-WF-net to inves-
tigate first its maximum admissibility. By Definition [0} checking maximum admissi-
bility of a marking depends on two simple rules. Following these two rules, the com-
putation whether a given marking is (maximum) admissible or not, can be decided in
O(|PR+|TP):

Theorem 3 (Computational Complexity of (Maximum) Admissibility). Let N =
(P,T,F,i,0) be a sound AFC-WF-net. Deciding, whether a given marking M, is maxi-
mum admissible in N or not, can be achieved in O(|P|* + |T|?).

a

Proof (Theorem [3). It is possible with the algorithm of Prinz et al. [19] to determine
the concurrency relation by Definition in O(|P|> +|T|?) for sound AFC-WF-nets.
The second rule of Definition [J] states:

N Ix)=g2. @

XEM,

Since x € M, is concurrent to all other places of M, except to itself, x is only not in the
intersection of all concurrency sets because x is missing in its own concurrency set ||(x).
For this reason, temporarily adding x to its own concurrency set leads to a combination

of both rules:
M (10 uix}) =M, 3)
XEM,

Once the concurrency relation is computed and the concurrency sets of all places are
stored within a computationally efficient data structure for mathematical sets being able
to compute the intersection in constant time, e. g., by a BitSet in Java, Eq. can be
checked in linear time, O(|P|).

In summary, the overall computational complexity is dominated by the computation
of the concurrency relation and can, therefore, be achieved in O(|P|? + |T|?). Further-
more, if the concurrency relation is stored, checking (maximum) admissibility can be
achieved in linear time, O(|P|). o
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Fig.4. A net with a maximal marking Fig. 5. A sound AFC-WF-net.
[x,¥,z] that is not reachable.

Unfortunately, maximum admissibility is only a necessary condition for reachabil-
ity but not sufficient since not each maximum admissible marking is also reachable as
the net in Fig. ] demonstrates. This net contains three places x, y, and z. They are pair-
wise concurrent, i.e., x | , x || z, and y || z. The resulting marking [x,y,z] is maximum
admissible. However, as the reader can confirm, this marking is not reachable since the
places are not concurrent to each other at the same time. As a consequence, not every
maximum admissible marking is reachable. We have to confirm maximum admissible
markings, which are reachable as well.

4 Reachability

This section will show the sufficient condition of reachability in sound AFC-WF-nets.
Besides the absence of paths between concurrent places, another benefit of sound AFC-
WF-nets is that their occurrence nets [16]] (i.e., a net, which represents how a corre-
sponding net was executed) are simplified to run nets [20]. In contrast to occurrence
nets, run nets are just subgraphs (sub nets) of sound AFC-WF-nets and, therefore, each
node can only occur once. A run net is defined as follows [20]:

Definition 10 (Run Nets). Let N = (P,T,F,i,0) be a sound AFC-WF-net. An occur-
rence sequence ¢ € T* is a run iff ¢ leads from the initial marking [i] to the final
marking [0]. A net © = (Ps,Ts,Fy) is a run net of a run o of N iff

sz{peP|pe U(otuto)}

€0
Ts ={teT |te o}
Fo=Fn((PouTs)x(PsuTy)).

n € o occurs in T, depicted as n € 7. I1(N) depicts the set of all run nets of N.

a

If arun net @ = (Ps, Ty, Fs) of a sound AFC-WF-net N = (P, T, F,i,0) contains a transi-
tion ¢ € Ty, then it must also contain its input and output places, Vt € T : (of Ute) C Py.



Deciding (Sub-Marking) Reachability in O(P? + T?) 11

11 pl3 10  pid

Fig. 6. Example of a run net of the example workflow net in Fig.

If a run net contains a place p € Ps, p ¢ {i,0}, it must also contain exactly one of its in-
put and one of its output transitions, Vp € (P5\{i,0}): |[penTs|=1and [ep nT5| = 1.
Figure [6] shows an example of a run net of our net in Fig.

Let M,,, be a marking for which we want to decide reachability in a given sound AFC-
WEF-net N. M, must be maximum admissible by Theorem@]and, thus, all places of M,,
are pairwise concurrent. Regarding the run nets of N and Lemma[2)about the absence of
paths between concurrent places, there cannot be paths between any possibly concurrent
places in any run net of N. This fact was also confirmed in Theorem 2 in Prinz et al. [20].
For this reason, deciding whether a maximum admissible or admissible sub-marking
M,, is reachable in N corresponds with the existence of a run net that contains all places
of M,,:

Corollary 1. Let N = (P,T,F,i,0) be a sound AFC-WF-net and a marking M,,. It holds:

My, eR(N,[]]) <= M, is maximum admissible A 4)
A(Ps,T5,Fs) €II(N): M) S Py
IM; e R(N,[i]): My, &My <= M, is admissible A %)

I(Ps,Ts5,Fs) € II(N): M,y S Ps

Proof (Corollary[I)). Constructive proof by focusing on Eq. (@):

= M, € R(N,[i]). Since M,, is reachable from [i], there must be a run net by Defi-
nition@]of run nets, which contains all places of M,,. Furthermore, by Theorem@,
each reachable marking is maximum admissible, and, therefore, M,,,. v/

<= M,, is maximum admissible A (P, T5,Fs) € II(N): (M) S Ps. Since My, is
maximum admissible, all places of M,, are pairwise concurrent. Furthermore, there
is a run net 7, which contains all places of M,,. For this reason, and by Lemma@
all places of M,, do not have paths to each other in N as well as in 7. Thus, all
places in M), can have tokens in the same reachable marking from [i] as they can

appear in any order from each other. As a consequence, M,, is a reachable marking
from [i]. v/

The proof of Eq. (5 can be done similarly. o
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Fig. 7. For the marking [x,y,z] there are diverging points &; (for x and y) and &3 (for x and z as
well as y and z). The source i is no diverging point of [x,y,z] as all paths to them pass the same
output transition of i. &, is no diverging point of [x,y,z] as it has only paths to z.

Since we are able to decide the (maximum) admissibility of a marking in O(|P|? +
|T|?), we need an approach to check if there is at least one run net, which contains all
places of a given marking. Deriving such a run net is not trivial as decisions (places
with multiple outgoing flows) can lead to an exponential growth of possible run nets.
However, we do not have to derive a concrete run net—we only have to show that such a
run net must exist, or not. For this reason, we will focus in the following on transitions,
which diverge the control-flow and, therefore, “produce” concurrency.

If a sound AFC-WF-net has a reachable marking M, with at least two places x and y,
then there must be at least one transition ¢ with multiple output places {x;,yr,...} (as the
net has just one source) and x; and y; have disjoint paths to x and y so that the tokens are
not joint before x and y. We call such 7 a diverging point of {x,y} as well as a diverging
point of the set M, = D. Fig.[7]illustrates the concept of diverging points abstractly for
three places x, y, and z. 8; is a diverging point of {x,y,z} although it only has disjoint
paths to x and y. &, is no diverging point of {x,y,z} since it only has paths to z. The
transition 8 is a diverging point of {x,y,z} as it has disjoint paths to x and z as well as y
and z. The source i is no diverging point of {x,y,z} since each path from i to them goes
through J3. The following definition describes that formally:

Definition 11 (Diverging Points). Let N = (P,T,F,i,0) be an AFC-WF-net. A node
0 € PuT is adiverging point of a set D S PU T, |D| = 2, of nodes, depicted 8 < D, if
for at least two nodes dy,dy € D, dy % da, and for at least two output nodes 01,0, € Se,
there are two disjoint paths py from o1 to dy and p3 from 03 to d».

dd,,d, € D do;,0, € Oe E|p1 € Paths(ol,dl) E|p2 € PathS(OQ,dz): [pl] N [PZ] =

Let A(D) := {0 € PUT |3 < D} be the set of all diverging points of D.
For a node o) € 6 and the set D, the set %p(01) = {d € D | Paths(o1,d) £ &}
defines those nodes of d € D for which there is a path from o1 to d.

a

In the AFC-WF-net of Fig. 4] the set D = {x,y,z} = {[x,y,2]) of places has the di-
verging points A({x,y,z}) = {¢1,£2,¢3,i}. For example, there are disjoint paths from
t1 to x and from ¢1 to y. For the outputs {x,y,c} of ¢1, the subsets of nodes of {x,y,z}
they have paths to are Zy, -} (x) = {x}, Zxy1(v) = {y}, and Z(yy.1(c) = . In the
example AFC-WF-net in Fig. [5| the set {p7, p8, p9} has ¢4 and 71 as diverging points
although #1 has no disjoint paths for p7 and p8 (as it follows the same output).
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Fig.8. A diverging transition § for two places x and y has two output places o, and o, with two
disjoint paths p, from oy to x and py from oy to y, respectively. Through simple free-choiceness,
each decision on p, and p, may lead to a remaining token on py and p, respectively. In addition,
soundness ensures that transitions on p, and py, respectively, with multiple input places will be
fired. Furthermore, since x || y there are no paths between x and y and vice versa by Lemma
i.e., no transition on p, and p, may require the token of y and x, respectively.

Assume a transition 0 is a diverging point of two concurrent places x and y, § <
{x,y}. In this case, the tokens can “travel” from this transition via disjoint paths to x and
y, i.e., from all markings in which 0 is enabled, there is at least one reachable marking,
in which x and y have tokens:

Lemmad. Let N = (P, T,F,i,o0) be a sound AFC-WF-net and x,y € P. It holds:

x|y ~ Se(A({xy})nT)

VYMs € R(N,[i]), e € M5 IM,, € R(N,Ms): [x,y] € M,, ,
Proof (Lemma @) Constructive proof. By & € (A({x,y}) n T) and Definition it
follows that there are two disjoint paths p, € Paths(ox,x) and p, € Paths(0y,y) from two
output places oy,0y € 0o to x and y, [p] N [py] = .

Since N is sound, there is at least one reachable marking Mg € R(N,[i]) with e C
M (any marking after firing 8). Let Mg be such a marking with o, 0, € M.

N is (simple) free-choice, i. e., for each transition r on py and py, 7 € (([px] U [px]) N
T), with |et| > 2, it holds Vp € ot: |pe| = 1. Since [p,] N [py] = & and since Vp €
P: |pe| =22 = e(pe) = {p} (simple free-choiceness), we can force tokens on py and
py (starting with o, and o,) to always put a token on a place on p, and py, respectively
(i.e., transitions on p, and py fire regardless if they are outputs of diverging places,
which could also “take another path™). Since N is sound, there is no dead transition (on
px and py). Furthermore, since x || y and N is sound there are no paths between x and
y and there are no paths between y and x by Lemma i.e., no transition on py and p,
may “require” the token of y and x to fire, respectively. Fig. [§]illustrates the situation.
For this reason, at least until reaching x and y, it is possible that the number of tokens
on p; and p, will not decrease. Eventually, tokens on p, and p, “arrive” at x and y
in a marking M,, that is reachable from Ms, i.e., YMs € R(N, [i]), 0e € Ms IM,, €
R(N,Mys): [x,y] € My,. vV o

Assume there is a maximum admissible marking M,, and it shall be checked if
it is reachable from the initial marking. If all diverging points A(M,,) are transitions
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(A(M,,) € T), then we can imply that there is a run net, which contains these A(M,,)
transitions with all their output places and the paths between them. Thus, by Corol-
lary[1] it directly follows that M,, is reachable. This is the simplest case. Unfortunately,
places can also be diverging points as the above examples have already shown. This
complicates the situation since it is not sure which output transition of a diverging place
we should add to a run net to check the reachability of M,,. Trying each combination of
output transition may lead again to an exponential growth of combinations. Fortunately,
soundness and admissibility of M), simplifies matters as with a sound AFC-WF-net and
a admissible marking, there is always at least one output transition to take since the
output transitions of such diverging places must always share the nodes to which they
have paths to:

Lemma 5. Let N = (P,T,F,i,0) be a sound AFC-WF-net with a marking M € #(P), a
place as diverging point & € (A(M) " P), and {0, 0y} < 8e. It holds:

M is admissible = (Zony(0x) S By (0y)) v (Zons(0y) S By (0x))-
Proof (Lemmal[5)). Proof by contradiction.

M is admissible A Zoy(0x) & Zous(0y) AN Zemy(0x) § Zemy(0y)  (6)
= IxeZany(ox) Iy € Zony(oy):  x ¢ Rory(0y) Ay ¢ Zury(0x) )

Let x,y € M be such places. There are exactly two cases:

Case 1: Paths(oy,y) ¥ & v Paths(oy,x) + . Then, however, y € Zyy(0x) or x €
K my(0y) by Definition [11] of diverging points. This contradicts and this case
does not hold. 4

Case 2: Paths(ox,y) = & A Paths(oy,x) = . Thus:

Vpx € Paths(ox,x) Vp, € Paths(oy,y): [px] 0 [py] = & )

For this reason, concurrency of x and y cannot “start” from [§]. Fig. @] illustrates
the situation in this case.

Let p, € Paths(oy,x) and py € Paths(oy,y). By the admissibility of M in Eq. @ and
its Definition[8] it follows x || y. Therefore, all paths from x and from y to the sink o
join at first at converging transitions by Lemma[3] Let ¢ € T be such a converging
transition and p,, € Paths(x,c,) with ¢, € ec is a path without any other converging
transition of x and y (i. e., c is the “first” of such transitions). There is also a disjoint
path py € Paths(y,cy) with ¢, € ec by Lemma[3] [pey] N [Pex] = &. As (a) there is
no path from o, to y, (b) there is no path from oy to x, (c) ¢, is the first converging
transition on p.,, and (d) N is sound and simple free-choice (e0, = @0, = {3}),
whether o, or oy, is fired is independent (“free”) from other tokens in any reachable
marking M of N. For this reason and N is sound, let M5 € R(N,[i]) and M, s €
R(N,M;s) be two reachable markings with 6 € Mg and [cy,0] € M, s so that ¢ can
be fired if  decides for o,. However, in any M., s, there is an “unsafe” path from &
via ¢y to the sink o by Theorem|[T] This contradicts (6) that N is sound. 4 This case
does not hold.
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Fig.9. A diverging place § has two output transitions o, and oy. oy has a path to x but not to y
and oy, has a path to y but not to x. By x || y and Lemma there is a “first” joining transition c.
Thus, there is no path from y to ¢, and there is no path from x to ¢y. If 6 decides for oy, no token
“after” 0 can reach to ¢, enabling c. Thus, since soundness is required, there must be a marking
M, 5 with [cy, 0] S M, 5 to avoid a dead c. However, the path from § via oy, ¢y, and ¢ to o is
not safe.

Both cases do not hold. Thus, contradiction @ does not hold. 4 Thus, the lemma must
hold. o

The above Lemma guarantees that the output transitions de of a diverging place
6 of an admissible marking M,, either have paths to the same subset of places of M,, or
at least one output transition has paths to more places of M,,. To simplify what matters:
there is always one output transition of a diverging place that has paths to the union
of all subsets of M,, of all other output transitions. Since we are interested in the (sub-
marking) reachability of all places of M,,, it is always the best option to take that output
transition with the most reachable places of M,,. In summary, if we derive A(M,,) for
an admissible marking M,,, we could take those output transitions of diverging places
containing the greatest subset of places of M,,.

The remaining open question is if there is at least one transition in A(M,,), which
has paths to all places in M,,. By Definition [11] such a transition é € A(M,,) exists if
UanB. Rm,y(05) = My If such § exists, then we can imply a partial run net starting
by & and adding all transitions and necessary paths to these transitions as well as to the
places of M,, and the necessary paths to those places. Although this partial run net may
not be a “full” run net, this partial run net implies the existence of a “full” run net.

Let us consider our example in Fig. I} Assume, we want to check if the marking
M,, = [p3,p8,pl4,pl7] is reachable. All places are pairwise concurrent and it is not
possible to add any further place (M,, is maximum admissible). For this reason, we have
to check whether there is a diverging transition, which can cause this marking. The di-
verging points for M,, = [p3, p8, p14, p17] cover the set {#10,#11,£12, p16,¢1} by Def-
inition t10’s output places p14 and p17 are part of M;,, thus, Zy,,»(p14) = {p14}
and Zy,,>(p17) = {p17}. For ¢12’s output places p3 and p18, it holds Z(y,,(p3) =
{p3} and Z(y;,,5(p18) = {p14,p17}. For ¢11, the information are similar Z, 5 (p3) =
{p3} and Z,,,(p13) = {p14, p17}. The place p16 is a decision with two output tran-
sitions #11 and ¢12. By Lemma [5] both transitions either have the same information
(B, (111) = B, (t12) = {p3,pl14,pl17}) or one is a superset of the other. Even-
tually, transition ¢1 has the output places p4 with Zy,\(p4) = {p8} and p2 with
Hm,y(p2) = {p3,p14,p17}. Now, we can induce a partial run net from this infor-
mation. Fig. [T0]illustrates the induction steps. First, we can add the diverging point 71,
which is a diverging point of all places of M,,. Furthermore, we add its output places p2
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and p4 as well as a path from p1 (the source) to t1. We further add p8 as a place of M),
and a path to it as we know that p4 has a disjoint path to p8. The diverging place p16
with a path to it is added next (all paths from 71 to 711 or 12 pass p16). Furthermore,
we add that output transition with the most information (i. e., that output transition ¢ for
which Z(1) is the greatest). In this case, it does not matter, which of 711 or #12 we
add as they have the same information. In the next step, we add the diverging transition
t12 (which we already have inserted) with its output places p3 and p18. Eventually,
diverging transition ¢10 is added with a path to it as well as its output places. This final
partial run net contains all places of M,, = [p3, p8, p14, p17] and implies the existence
of a “full” run net containing all places of M,,. Such steps are applied to finally deciding
the (sub-marking) reachability in AFC-WF-nets:

Theorem 4 ((Sub-Marking) Reachability). Ler N = (P,T,F,i,0) be a sound AFC-
WF-net with a marking M € Z(P). It holds:

MeR(N,[i]) <= M is maximum admissible A )
e (AM)nT): || Zurylos) =M
()5650
IM;eR(N,[i]): MS My, <= M isadmissible A (10)
Be(AM)NT): | Zaylos) =M
0568.

Proof (TheoremH). Constructive proof. By Corollary [T]it holds:
M e R(N,[i]) <= M is maximum admissible A 3(Ps,T5,F5) € II(N): {M) < Ps.

Furthermore, by Lemma[3] it follows for each diverging transition 6 € A(M) N T and for
each of its output places o5 € §e that there is at least one sub-net of all Zy(05) from
05 to all x € Zyy(0s), which diverges only in transitions. As a consequence, for each
diverging transition § € A(M) N T, the union |, 5, Zuy(0s) describes the subset
M' € M of M to which the transition § has such a sub-net to, which only diverges in
transitions. If there is no diverging transition 6 € A(M) N T with M =, 5, Zuy(05)
then there is no run net that can contain a sub-net, which only diverges at transitions to
the places of M. Therefore, there is no run net that contains all places of M. If there is
such a diverging transition & with M = (J, 5, Zuy(05), then there must be at least
one run net, which contains all places in M. v" The proof of sub-marking reachability
by (T0) follows the same argumentation. v* o

With Theorem[d] we can decide if a (sub-)marking is reachable based on the struc-
ture of a sound AFC-WF-net rather than over its concrete behavior in terms of occurrence
sequences, state space exploration, or similar techniques. In addition, maximum admis-
sibility and diverging points help to understand why a given specific marking is not
reachable. For example, the marking [p8, p5, p14] in Fig.|l|is not reachable from [p1]
since p8 is not concurrent to p5 (there is a path from p8 to p5 following Lemma[2). In
Fig. 4] the marking [x,y,z] is not reachable from [i] as there is no diverging transition,
which leads to simultaneous tokens on x, y, and z — just on x and y, x and z, or y and z.
This diagnostic information may support repairing improperly developed nets, in which
a desired marking is not reachable or an undesired marking is reachable.
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p2 pl6

Adding diverging point 71 with its output Adding a path from p4 to p8. Furthermore,

places p2 and p4. adding diverging point pl6 with its output
transition 712. It does not matter, which of 711
or t12 is added as they have the same informa-
tion (’@<Mm>(t] l) = ‘%<M,,,>(“2))'

p16 P18 pl3 10  pld

Adding diverging point 12 with its output  Adding a path to the diverging point 10 with
places p3 and p18. its output places p14 and p17. This net con-
tains all places [p3, p8,pl14,p17] and ...

pl3 110 pld

...implies the existence of a run net.

Fig. 10. Step-wisely inducing a partial run net for the exemplary AFC-WF-net in Fig.[Tout of the
diverging point information for the marking M,, = [p3, p8, p14, p17]. The final partial run net
implies the existence of a run net presented at the end.



18 T. M. Prinz et al.

Vs Vg Vo < @ (V5,Vs

ve1 a—v vi+—1 Vo
" Vo — @ (Vi,V2 ”

ey b ey B | Y R ) I pepy vy

Fig. 11. Transforming a program with program variables v and a (left) into SSA form (right) by
inserting new definitions of variables and ¢-functions at converging nodes.

Algorithmic Derivation: There is a concept in compiler theory to identify diverging
points: the placement of so-called ¢-functions to derive the minimal Static Single As-
signment (SSA) form [6]. The SSA form requires that each program variable in a com-
puter program gets statically only once a value. If there are converging control-flows,
a @-function selects that program variable, which was used during execution and as-
signs it to a new program variable. Figure [T1] illustrates an exemplary control-flow
graph (left) being transferred into SSA form (right). Cytron et al. [|6] derived algo-
rithms to compute the minimal SSA form from normal programs. The minimal SSA
form only inserts ¢-functions if necessary. To achieve a SSA form out of a computer
program, the transformation inserts a new program variable (which is called a defini-
tion) for each assignment of this variable. Subsequently, it inserts a ¢-function of the
formd, = ¢(dy,...,dn), m = 2, for each program variable at each program point where
different definitions dy, ..., d,, can occur. This placement of ¢-functions in the minimal
SSA assumes fairness, i.e., each path can be followed by a token. The positions of
nodes where a ¢-function is required for a program variable d are positions where two
paths from two different definitions of the same variable first meet. As a consequence,
for all dy,...,d, there are disjoint paths from the position of the ¢-function to their as-
signment. Actually, this is the same definition as for diverging points, only in the reverse
direction.

We can simply reuse the algorithm of placing ¢-functions to identify all diverging
points A(M) of a given admissible marking M and to compute the sets Z¢y,(05) for all
05 € Usea () 0¢- In doing so, we assume that on all places in M there is an assignment
on the same single program variable v. Then, we perform the ¢-function placements,
however, on the reverse net, i.e., we change the direction of each flow. Thus, the SSA
algorithm will replace the assignments on the program variable v with unique defini-
tions of v. On all nodes, from where two different definitions have disjoint paths, the
SSA approach has placed a ¢-function with those definitions as arguments and a new
definition where the result of the ¢-function is assigned. It is important to note that
the different unique definitions allow for collecting %<M>(o) for the outputs o of the
diverging points and identifying disjoint paths easily.

Algorithm[T|summarizes the steps of checking (sub-marking) reachability of a given
marking M, in a sound AFC-WF-net N. At first, (maximum) admissibility of M, is
checked in line 2. If M, is admissible or maximum admissible, then M, may be (sub-
marking) reachable. Otherwise, if M, is not admissible, M, is stated to be not reachable.
Line 4 computes the diverging points of M, with the @¢-placement algorithm of build-
ing the minimal SSA form [|6] in the reverse net of N. This placement includes for all
outputs o of all diverging points those diverging points and places of M,, Zy,3(0), to



Deciding (Sub-Marking) Reachability in O(P? + T?) 19

Algorithm 1 Checking (sub-marking) reachability of a given marking M, € #(P) for a
sound AFC-WF-net N.

1: function ISREACHABLE(N, M,)

2: admissibility < CHECKMAXIMUMADMISSIBILITY(N, M,)

3: if admissibility € { admissible, maximum admissible } then
4: Compute A (M;) of N by the ¢-placement algorithm.

5 forallde (A(M,;)nT) do

6: Ms —Upsese Zmy(05)

7: if M, = M then

8: if admissibility = admissible then

9: return sub-marking reachable
10: else
11: return reachable
12: return not reachable

which they have paths. Finally, all diverging transitions 0 are investigated in lines 5-11.
The set M is computed in line 6 regarding Theorem ] Line 7 checks if M, is equal to
M. If this check holds, the marking is either sub-marking reachable (if M, is admissi-
ble) or reachable (if M, is maximum admissible). Otherwise, other diverging transitions
are investigated until either there is one, for which the check holds, or the marking is
stated as not reachable. This algorithm does not require checking reachability by inves-
tigating the state space, computing occurrence sequences, etc. This explains why the
computational complexity is just quadratic in the worst case:

Theorem 5 (Computational Complexity). Ler N = (P,T,F,i,0) be a sound AFC-
WF-net and M, a marking to check. Deciding reachability of M, can be computed in
O(IPP +1TJ?).

Proof (Theorem[5). Constructive proof by line-by-line investigation of Algorithm T}

Line 2: Checking admissibility and maximum admissibility can be achieved in quadratic
computational time complexity, O(|P|> +|T|?), by Theorem

Line 4: Following Cytron et al. [6]], placing ¢-functions requires to compute the “dom-
inance frontier”, which is feasible in quadratic time, O(|P|> + |T|*), by Cooper et
al. after building the “tree of dominance” in the same complexity O(|P|* + |T|?)
[S]. The placement of ¢-functions for M, can also be achieved in quadratic time
O(|P|> +|T|?) for a single variable by Cytron et al. [6] as it is needed in our case.
Thus, overall, this line takes O(|P|*> + |T|?).

Lines 5-11: Lines 6-11 are investigated O(|T|) times by line 5. Computing Mj is lin-
ear O(|P|) with an implementation requiring constant time for set unions (e. g., a
BitSet in Java). The remaining lines 7-11 are at most O(|P|). Thus, lines 5-11 can
be achieved in O(|T|-|P]) in general.

In summary, checking the (sub-marking) reachability of a given marking is domi-
nated by the term O(|P|> +|T|*). v’

Termination: All steps in Algorithm I]are either known to terminate (as placing ¢-
functions) or are performed over finite sets (as over the set of diverging points, M,, etc.).
For this reason, Algorithm [I]terminates. o
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5 Conclusion

This paper showed for the Petri net class of sound acyclic free-choice workflow nets
that all places of a reachable (sub-)marking must be pairwise concurrent (the marking
is admissible). Furthermore, reachable markings must be maximum admissible, i.e.,
they are admissible and adding a further place to them would destroy their admis-
sibility. Since maximum admissibility is just a necessary condition of (sub-marking)
reachability, this paper introduced diverging transitions as sufficient condition, whose
existence manifests in subgraphs of sound acyclic free-choice workflow nets represent-
ing possible occurrence graphs and, therefore, enabling the reachability of (maximum)
admissible markings. The overall approach presented in this paper has a O(|P|*> + |T|?)
computational complexity. Furthermore, the new concepts of admissibility, maximum
admissibility, and diverging transitions allow for explaining why a given (sub-)marking
is not reachable.

The Petri net and business process management communities get a new computa-
tionally efficient algorithm to check reachability, especially for process-like and indus-
trial related nets. Since the reachability of markings is central to many other decision
problems of Petri nets, the here presented approach empowers to speed up other algo-
rithms. For example, business analysts could request their process models if undesired
states of their models could happen to improve quality, check compliance, and to avoid
cost-intensive failures.

In the future, the concepts of admissibility and maximum admissibility shall be
generalized to the class of proper free-choice nets with a home cluster. Furthermore,
the method of loop decomposition [18]] shall be introduced for free-choice nets leading
to an unfolding of loops increasing a model just quadratically in the worst case. For
industrial settings, we want to provide an implementation of our approach, which allows
for checking reachability for process models by simply selecting some nodes of the
model. Furthermore, it is of interest whether the new concepts introduced in this paper
may be applicable to solve other problems in Petri nets.
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